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Abstract. We exhibit relations between enumerative invariants of the Hirze- 
bruch surfaces En and S„_|_2, obtained by deforming the first surface to the 
latter. Our formula generalizes in particular a formula due to Abramovich and 
Bertram, extended later by Vakil. 

We use methods from tropical geometry, involving a tropical counterpart 
of deformations of Hirzebruch surfaces, and tropical enumerative geometry on 
a tropical surface in three-space. 
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1. Introduction 

1.1. Background, context, and difficulties. In [ABOlj . Abramovich and Bert- 
ram related genus enumerative invariants of Sq = CP^ x <CP^ and the second 
Hirzebruch surface E2 (i-c the quadratic cone + + = in CP^ blown up at 
the node) . The strategy of their proof is to understand how algebraic curves on Eg 
behave when this latter surface deforms to E2 . Later on this method was extended 
by Vakil in [VakOOj to non-rational enumerative invariants of Eq and E2, and more 
generally to relate enumerative invariants of an almost Fano complex surface and 
any of its deformations. In this paper we generalize this formula in Theorem l2.9l bv 
relating enumerative invariants of the algebraic surfaces E„ and E„+2 , where n > 
and E„ = P(C'cpi(n) © OcpO is the so called n-th Hirzebruch surface. Kodaira 
proved that the surface S„ can be deformed to E„+2fc with fc > 0, and our basic 
strategy is the same as in }AB01j : we study the limit of curves when E„ deforms to 
E„_|_2. However this analysis gets much more complicated when n > 0. The main 
reason for that is that as soon as n > both surfaces E„ and E„_|_2 contain an 
exceptional curve, say En and En+2, and that curves in E„ degenerate to curves 
in E„_|_2 with a singularity at a fixed point on En+2- This latter point may be 
thought as the "virtual intersection point of En and En+2" defined by the chosen 
deformation from E„ to E„+2- 

Let us explain in details where the complications arising when n > come from. 

First let us decompose the Kodaira deformation of E„ to E„_|_2 into two steps: a 
deformation of E„ to the normal cone of a curve of bidegree (1,1), followed by the 
blow-down of the E„ copy in the special fiber. More precisely, let F be a non- 
singular curve of bidegree (1, 1) in E„S be the trivial family E„ x C blown- up along 
the curve V x {0}. The natural projection pr : E — C defines a degeneration of E„ 
into the reducible surface pr~^(0) = E„ U P(7VV/s„ © C) intersecting transversally 
along y C E„ and Voo C P(A/V/s„ ffiC). Since V has self-intersection number n + 2 
in E„, we get that P(A/V/e„ © C) = E„+2 and Voo = En+2 is the exceptional curve 
in E„+2. 

It turns out that the E„ copy in pr~^(0) can be contracted to V by a blow down 
bl : E — >• E', and that the induced projection pr' : S' — C is precisely the Ko- 
daira deformation of E„ to E„+2 (see Figure [1]). With this picture in mind, the 
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Figure 1. The 3-folds E and E'. 



"virtual intersection point of £"„ and we mentioned above is now simply the 

intersection point of V and En in the E„ copy of the central fiber pr~^(0) C E. 
Relations between enumerative invariants of E„ and E„_|-2 should now be derived 
from a careful analysis of how curves in S„ degenerate when this latter surface 
degenerates to E„ U E„+2. 

At this point, the origin of the complications appears more clearly with a symplee- 
tic point of view on the problem and the methods. On the level of the underlying 
symplectic manifolds (recall that E„ is a Kahler manifold), the above deformation 
E of the reducible surface E„ U E„_^2 to E„ can be seen as a symplectic sum of 
E„ and E„_|_2 glued respectively along V and En+2- There exist powerful symplec- 
tic sum formulas (see [IP04| ILROlj lEGHOOj ) relating Gromov-Witten invariants 
of a symplectic sum with those of the symplectic summands, but these Gromov- 
Witten invariants are relative to some smooth symplectic hypersurface. Symplectic 
sum formulas provide an alternative proof of the Abramovich-Bertram- Vakil results 
stated above, and more generally express Gromov-Witten invariants of a symplectic 
4-manifold in term of its Gromov-Witten invariants relative to a embedded sym- 
plectic sphere with self-intersection —2. In this way one can also deduce a relation 
between enumerative invariants of Ei and E3 equivalent to our Theorem 12.91 spe- 
cialized to the case n = 1 (see Example 12. lip . However when n > 1, relating 
enumerative invariants of E„ and E„_|_2 requires to consider Gromov-Witten in- 
variants relative to a singular symplectic curve. Indeed, the complex structure on 
the algebraic surface E„ is not generic as soon as n > 1 and enumerating alge- 
braic curves on E„ is the same than computing Gromov-Witten invariants of the 
underlying symplectic manifold relative to the symplectic divisor En- In particu- 
lar, relating enumerative invariants of E„ and E„_|_2 using the deformation E can 
be seen as expressing Gromov-Witten invariants of E„ relative to En in terms of 
Gromov-Witten invariants of E„ relative to En U V and of E„-|_2 relative to En+2- 
Since the curves En and V intersect in one point, Gromov-Witten invariants rela- 
tive to a singular divisor show up naturally with the method we intend to apply. 
Up to our knowledge, Gromov-Witten invariants relative to a singular divisor have 
been defined only recently in [lonj and there does not exist a general symplectic 
sum formula for those invariants yet. Theorem 12.91 mav be seen as such a formula 
in some particular instance. 
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The aim of the above discussion is to replace our work in the context of current 
mathematical developments and to explain where the difficulties we have to deal 
with come from. Having said that, wc formulate our main result, Theorem 12. 9[ 
in the algebraic language without referring explicitly to relative Gromov-Wittcn 
invariants. Hence our formula expresses (some) enumerativc invariants of I]„ in 
terms of (some) enumerativc invariants of I]„+2 and some finitely many simple 
relative enumerativc invariants of I]„ , both of these latter invariants involving curves 
with a prescribed very singular point. 

1.2. Our method. The main technique wc use to obtain our formula is tropical 
geometry. In the tropical world, algebraic curves are replaced by certain balanced 
piece-wise linear graphs called tropical curves. Tropical geometry has gained lots 
of attention recently. One of the interesting results is that we can determine cnu- 
merative invariants of toric surfaces by counting the corresponding tropical curves 
instead (Mikhalkin's Correspondence Theorem, see |Mik05| ) . 

Our tropical strategy follows the same basic lines as in the complex case: the tropical 
Hirzebruch surface TE„ can be degenerated to the reducible tropical surface TE„ U 
TE„_|_2 , and we study how tropical curves in TEji behave during this degeneration. 
The tropical world has a discrete nature, and quite often one does not need to 
go to the limit to actually see the limit. This is the case here, and there is no 
need to work on a whole degenerating family to study degenerations of TE„ . It is 
enough to work on a particular tropical model of TE„ close enough to the reducible 
tropical surface TE„ U TE„_|.2- We model this closeness to the limit as follows: 
the tropical model of (an open part of) TE„ we use is the tropical surface X in 
M'^ defined by the tropical polynomial "x + y + z" ; it consists of three half-planes 
(7i = {x ~ y > z}, ^2 = {x = z > y} and crs ~ {y ~ z > x} meeting along the 
line L = {x = y = z} = E(l, 1, 1), see Figure[2j the configuration of points through 
which we require curves to pass through are chosen on the face cti very far down 
from the line L. In this setting, the tropical curves we are enumerating naturally 




X = V{'-'-x + y + z") 

Figure 2. The tropical surface X. 

contain two parts: one corresponding to the face fii, and one corresponding to the 
two upper faces (T2 £md a^. The former corresponds to the E„_|_2 part of the limit, 
and the latter to the E„ part. 

In this framework wc can give the whole proof of Theorem 12.91 without referring 
much to the geometric ideas behind the formula. In particular we do not need 
to refer explicitly to Kodaira deformation of Hirzebruch surfaces. However we 
believe that most of our arguments make more sense when put into this more global 
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context. Hence even if it is formally independent from the rest of the paper, we 
give in Appendix lAl the tropical counterpart of Kodaira deformation of Hirzebruch 
surfaces. There we explain in particular our choice of the tropical surface X as an 
ambient space to enumerate curves, see Remark lA. 101 

Note that this ambient tropical surface X, different from the "usual" M^, is imposed 
by our strategy based on deformation of tropical Hirzebruch surfaces. Indeed the 
presence of a unique exceptional curve on with different self-intersection for 
different values of n, is an obstruction for any deformation of I]„ to to be 

toric. As a consequence, to model this deformation tropically one needs to make use 
of tropical modifications (see |Mik06| ) of tropical Hirzebruch surfaces. In particular 
the tropical model of TE„ involved in this deformation is no longer a tropical toric 
compactification of . 

From what we explained above, a large part of the proof of Theorem 12.91 goes by 
the enumeration of tropical curves in the tropical surface X and its relation, via 
a Correspondence Theorem, to the enumeration of algebraic curves in Hirzebruch 
surfaces. Both aspects have not been much explored in the literature yet. Most 
papers about tropical enumerative geometry deal with the case of tropical curves 
in R". In the case of curves in X, the tropical inclusion is more subtle than 
the set theoretic one, as it has already been noticed by several people (see for 
example |Vig09[ IBMbi IBS] ). In other words a tropical curve C might be set- 
theoretically contained in X without being tropically contained in X. One has 
to require extra conditions for this latter inclusion to hold. This phenomenon 
quite complicates the enumerative geometry of general tropical varieties. However, 
the surface X we are interested in here is simple enough so that only one extra 
condition, the so-called Riemann-Hurwitz condition, suffices to rule out parasitic 
tropical curves. The necessity of this condition has been observed earlier by the 
first author and Mikhalkin f }BMbj . see also [BBMll] and |ABBR| ). In the other 
direction, we prove a Correspondence Theorem for tropical curves in X by reducing 
to a Correspondence Theorem for tropical curves in with a multiple point at 
some fixed point on the toric boundary. Thanks to this reduction, our proof goes 
by a mild adaptation of the proofs of Correspondence Theorems from |Mik05| and 
[Shul2| . in the framework of phase-tropical morphisms given in |BBMj . 

Organization of the paper. Our paper is organized as follows. In Section [3] we de- 
fine Hirzebruch surfaces, the enumerative invariants we are interested in, and state 
the main result (Theorem 12. 9[) . We recall basic tropical definitions in Section [3l 
and state a Correspondence Theorem (Theorem 14. 4p to compute (1, l)-relative in- 
variants of Sn in Section HI Section [5] is devoted to the study of basic tropical 
enumerative geometry in X. In particular we state a second Correspondence Theo- 
rem (Theorem 15. 13p in this setting, and prove Theorem 12.91 Both Correspondence 
Theorems are proved in Section [6l Section [7] contains some remarks about possible 
extensions of our present work. We end this paper by giving in Appendix El the 
tropical counterpart of Kodaira deformation of Hirzebruch surfaces. 
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gram in Fall 2009 on Tropical Geometry. The authors would like to thank the 
MSRI for hospitality. E.B. is partially supported by the ANR-09-BLAN-0039-01 
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2. HiRZEBRUCH SURFACES AND THEIR ENUMERATIVE GEOMETRY 

2.1. Complex Hirzebruch surfaces. A Hirzehruch surface, also called a rational 
geometrically ruled surface, is a compact complex surface which admits a holomor- 
phic fibration to CP^ with fiber CP^ . The classification of Hirzebruch surfaces is 
well known (sec for example }Bea83j ): they are all isomorphic to exactly one of the 
surfaces I]„ = ¥{Ocp'^{n) ffi CcpO with n > 0. The surface I]„ is called the nth 
Hirzebruch surface. For example Sq = CP^ x CP^. Let us denote by i3„ (resp. 
En, and F„) the section P(Ocpi(n) © {0}) (resp. the section P({0} © OcpO; and 
a fiber). The curves i?„, En, and F„ have self-intersections = n. En = —n, 
and -F,? = 0. When n > 1, the curve En itself determines uniquely the Hirzebruch 
surface since it is the only reduced and irreducible algebraic curve in I]„ with neg- 
ative self- intersection. For example Si is the projective plane blown up at a point, 
and Yi2 is the quadratic cone with equation + + z^ is CP"^ blown up at the 
node. In both cases the fibration is given by the extension of the projection from 
the blown- up point to a line (if n = 1) or a hyperplane section (if n = 2) which 
does not pass through the blown- up point. 

The group Pic(I]„) — H2(S„,Z) is isomorphic to Z x Z and is generated by the 
classes of P„ and P„. Note that we have P„ = P„ — nP„ in H2(S„, Z). An algebraic 
curve S in I]„ is said to be of bidegree (a, b) if it realizes the homology class aBn+bF„ 
inH2(E„,Z). 

The surface E„ is a projective toric surface which can be obtained by taking two 
copies of C X CP^ glued by the biholomorphism 

C* X CPi — ^ C* X CPi 

The coordinate system {xi,yi) in the first chart is called standard. The surface 
S„ is the toric surface defined by the polygon depicted in Figure [3^ (the number 
labeling an edge corresponds to its integer length). If 5 is a curve of bidegree 
(a, b) in I]„ then its Newton polygon in a standard coordinate system lies inside 
the trapeze with vertices (0,0), (0,a), (&, a), and (an 4- 6,0) (see Figure[3lD), with 
equality if S is generic and a,b > 0. A curve of class P„, En, or P„ is defined by the 
equation yi = P{xi), yi = +oo, or xi = c, respectively, where P{x) is a complex 
polynomial of degree at most n and c £ CP^ . 



2.2. Enumerative invariants of Hirzebruch surfaces. Here we define the enu- 
merative invariants of Hirzebruch surfaces we deal with in this paper. Since we work 
with curves in toric surfaces having possibly non-transversal intersection with toric 
divisors, it is more suitable to deal with Newton fans rather than Newton polygons. 
We will also use Newton fans in Z^ in Sections [5] and [6l 
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a) A polygon defining 



b) The Newton polygon of a curve 
of bidegree (a, b) in E„. 



Figure 3. Polygons of Hirzebruch surfaces. 



Definition 2.1 (Newton fans) 

A Newton fan is a multiset S ~ {vi, . . . ,Vk} of vectors Vi G Z*" satisfying 



fe 



i=i 



The positive integer Wi = gcd{vii, . . . ,Vir) (resp. the vector :^Vi) is called the 
weight (resp. the primitive direction) of u,;. We will use the notation 



to indicate that the vector Vi appears m; times in S. If S = {(ai, . . . , (afe, /3fe)} 
is a Newton fan of vectors in Z^, one can construct the dual polygon Us in in 
the following way: for each primitive integer direction (a, /3) in (5, we consider the 
vector w{—(3, a), where w is the sum of the weights of all vectors in d with primitive 
integer direction (a, 11^ is the unique (up to translation) polygon whose oriented 
edges (the orientation is induced by the usual orientation of R^) are exactly the 
vectors w{—l3,a). 

To any complex algebraic curve S in (C*)", we may associate its Newton fan Ss as 
follows: consider the toric compactification Tor(n5) of (C*)" given by a polytope 
Us such that S does not intersect boundary components of Tor(n5) of codimension 
two or more. Then each puncture p of 5 corresponds to a facet 7 of Us- We associate 
to p the element WpVp where Vp is the primitive normal vector to 7 oriented outward 
Us, and Wp is the order of contact at p of 5* with the toric divisor corresponding 
to 7 in the toric variety Tor(n5). The choice of Us is clearly not unique however 
6s does not depend on this choice. Note that if n = 2, one may choose Us equal 
to Uss ■ 

The enumerative invariants of I]„ we are mainly interested in here are defined 
by counting curves with prescribed intersection profile with the toric divisors of 
Tor(I]„), and hence correspond to toric relative invariants of the surface E„. 

Definition 2.2 (Toric relative invariants of I]„) 

Given a Newton fan S in and an integer x € the number of algebraic curves 
(resp. irreducible algebraic curves) in Tor(n5) with Newton fan d, whose normal- 
ization has Euler characteristic x, and passing through a generic configuration lu 
of :j^(5 — ^ points does not depend on w; wc denote this number by N^{S) (resp. 
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Alternatively N^{S) (resp. N^^{S)) is the number of algebraic curves (resp. ir- 
reducible algebraic curves) in (C*)^ with Newton fan S, whose normalization has 
Euler characteristic x ~ #(5, and passing through a generic configuration of — ^ 
points in (C*)^. 

Remember that if one defines the genus of a compact non-singular reducible complex 
algebraic curve S = S'lU. . .US'fc, where Si is irreducible, as g{S) — g{S\)'\-. ■ .g{Sk)+ 
l~k, then one has xiS) 2 - 25(5*). 

Example 2.3 

In this text we consider complex curves in (C*)^ with Newton fans of the form 

5 = (0, -1)^+^ (-ai,/3i), . . . , i-ak,f3k)} 

with ai,/3i > for all i. A complex curve with such a Newton fan can naturally be 
seen as a curve of bidegree (a, b) in E„ with a singularity at the point (0, 00) in the 
standard coordinates corresponding to II^. In particular, a generic algebraic curve 
in S„ of bidegree (a, b) will have the Newton fan 

S{a, b, n) = {(1, n)^ (0, (-1, 0)", (0, 1)"} 

in standard coordinates. 

We give below some well known enumerative invariants of Hirzebruch surfaces: 
N2{S{l,0,n))=N2{S{0,l,n)) = l and A^2('5(2, 2, 0)) = 12. 

Theorem 1 2 . 91 involves some additional relative enumerative invariants of Hirzebruch 
surfaces E„. We give their definition below, and refer to Sections HI and 15751 for more 
details about those invariants and their tropical computation. Given two algebraic 
curves S and 5" in an algebraic surface intersecting in finitely many points, we 
denote by SoS' the intersection number of S and S' , and by {SoS')p the intersection 
multiplicity of S and S' at a point p. 

Let be a curve of bidegree (1,1) in I]„ and let po & So\ En be a point. We 
denote by Fq the unique curve of bidegree (0,1) passing through pq and we choose 
a (non-standard) local system of coordinates {xo,yo) on S]„ at po such that So has 
local equation yo = and Fq has local equation xq = 0. Given two integer numbers 
di and ^2, a (di, d2)-germ at po is a curve in S„ with local equation Xq' + cy^^ = 
with c e C*, (i']^ = gcj(^'^ 1 and d'2 = gcd(di ^2) ' D he a local branch at pq 
of a reduced algebraic curve in I]„ containing neither Sq nor F^ as an irreducible 
component. Denote by ds^ (resp. dpo) the local intersection multiplicity of D 
with 5*0 (resp. Fq) at po- Then there exists a unique (dgp , (ii?o)-germ at po whose 
intersection multiplicity with D at p^ is maximal. We call this curve the tangent 
germ of D at po- 

Definition 2.4 ((l-l)-relative enumerative invariants of S„) 

Let n > 0, and u, ai , . . . , di , . . . dr+s > be integer numbers such that ai < di — 1 
and '^l^i di = u{n + 1), and let Sq, Fq, and pq as above. Choose a configuration 
w = {Gi, . . . , Gr,_pi, . . . ,Ps} of s distinct point pi, . . . ,ps in So \ (En U {po}), and 
r distinct germs at po such that Gi is a. {di + ai{n + 1) , ai)-germ at po- We denote 
by Sso,po{^) the set of all algebraic curves S in E„ of bidegree (ci,0) such that 
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• S has a smooth branch tangent to 5*0 at pi with intersection multiphcity 
dr+i for i = 1, . . . , s; 

• S has exactly r branches Di, . . . , Dr at po, {Di o S'o)po = di + ai{n + 1) and 
(A o Fo)p„ = a^; 

• Gi is the tangent germ of Di at po! 

• S has w connected components, whose normahzation are all rational; 

• each connected component of S intersect Fq \ {po} in a single point, with 
intersection multiplicity 1. 

For uj generic, the set Ss„,po{^) is finite and its cardinal is independent of So-, Po, 
and oj. We denote it by Af{u,n, d, a). Note that it is independent of the ordering 
of the pairs {di, ai), . . . , {dr, a^) and of d^+i, . . . , dr+s- If J' = 0, we write a = 0. 

Remark 2.5 

Given fixed n and u, there clearly exist finitely many choices for d and a. Further- 
more the computation of J\f{u, n, d, a) reduces to the computation of all finitely 
many possible Af{l,n, d' , a'), and to the combinatorial enumeration of how ele- 
ments of UJ can be distributed among the u irreducible components of S. 

Lemma 2.6 

We use the notation of Definition \2.4\ If S is an irreducible component of an 
elements of Sso.po{uj), then 

di = n + 1 

Di branch of s 

and all intersection points of S with Sq are exactly the points po,Pi, ■ ■ ■ ,Ps- 

Proof: ^ _ _ 

The curve S has bidegree (a, 0) in so S" o = a{n + 1) and S o Fq ~ a. By 
the hypothesis we have S o So >'^di + (n + l)'^ai and S o Fo = at + 1, where 
the sums are taken over integers i such that Di is a branch of S. So we deduce 
that ^di < n + 1. But since = ^('^ + 1); latter inequality is in fact an 

equality. □ 



We show in Corollarv l6.19l in Section 15751 that Af{u, n, d, a) has an equivalent defini- 
tion in terms of the enumeration of algebraic curves in (C*)^ with a given Newton 
fan S and a fixed multiple point on the toric boundary of Tor(n5). We give be- 
low the values of M{u, n, d, a) in the cases n = 0, 1, 2, for which we will specialize 
Theorem [121 RecaU that /c!! = A: • (fc - 2) • (fc - 4) • . . . 3 ■ 1 if fc is odd, and that 
multinomial coefficients are defined by 

t \ ^ [^\[ ^-^k 
,■■ ■ ,tkj \tkj \ti, ■ ■ ■ ,tk-i 

Example 2.7 

We suppose that di > . . . > dr and dr+i > ■ ■ ■ > dr+s- The following values for 
71 = 0, 1 and 2 are computed in Lemmas 14. 6i 14. 7[ and 14.81 



M{u,0,d,a) 



1 if d = (1") and a = 
otherwise. 
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A/'(u, 1, d, a) 



{2ta - 1)!! iid= (2"-*», l^*-) and a = (l""*-"*^ 
otherwise, 



A/'(u, 2, d, a) = < 



f otb /'3^d+tc+^e^ tcM 

Vtc,ie,3,...,3/ td! 

if d= (3*»+ti.^2*%3*^2*%l3*<'+*-+*=) and a = (2*a,l*o+tb) 

with ta + tb + tc + t f + te + td ^ U 



otherwise 

where there arc t^j copies of 3 in the above muUinomial coefficient. 

2.3. The main result. Here we state the main result of this paper, relating toric 
and (1, l)-relative invariants of the surfaces I]„ to those of S„+2- We first need to 
introduce one more notation. 

Notation 2.8 

Let 5q be the Newton fan 

do = {(1, n)^ (0, -1)-+^ (-1, 0)^ (0, 1)"}. 

We write (5 h 5o if (5 is a Newton fan satisfying 

6 = {(1, n + 2)'", (0, (-1, 0)-^, 

(-ai, /3i), . . . , i-ar, Pr), (0, . . . , (0, (0, 1)^} 

with 

0<m<a, 0<A< minjm, &}, 
ai,/3i>0 for i = l...,r, and Pr+i, ■ ■ ■ , Pr+s > 
Note that for every (5 h (5o, 

C Conv{{0, 0), (0, a), (6 - a, a), (a(n + 1) + 6, 0)}, 
where the latter is the polygon dual to 

{(1, n + 2)^ (0, (-1, 0)^ (0, 1)''-'^}. 

In particular once 5q is fixed, the choices of such 5 arc limited (see Figure H]). 




Figure 4. Finitely many fans (5 h (5o. 
For a Newton fan 5 h Jo, we define the following quantities: 
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• x' = X - 2(a + 5 - m - r - s - A - [/); 

• a ~ {ai, . . . , ctr)- 

We are now ready to state our main result, the formula relating enumerative in- 
variants of I]„ and Sn+2 which we prove at the end of Seetion 15.31 

Theorem 2.9 

Let n > and x G 2^ &e two integers, and let Sq as in Notation \2. 8\ he the Newton 
fan 

5o = {(1, nr , (0, -lr+^ (-1, or , (0, 1)"}. 

Then we have the following equation: 
Nx{So) = Yl ( G^a) •^gcd(a-/30•^/3r+^•A/'(a-m,n,d,a) N^,{S)] . 

ShSo V ^ ' i=l 1=1 / 

Note that the factor Ny^' {5) indeed counts curves on E„+2 by Notation 12.81 and 
Example 12.31 above. Note also that as pointed out in Remark 12.51 for a fixed n 
the computations of all numbers J\f(a — m, n, d, a) reduces to the computation of 
finitely many cases. 

We specialize Theorem 12.91 to the cases n = 0, 1 and 2. 
Example 2.10 (The case n = 0) 

If n = our formula reduces to the Abramovich-Bcrtram Formula |AB01j relating 
enumerative invariants of Sq and E2. According to Example 12. 7[ J\f{u, 0, d, a) ^ 
if and only if = (1") and a = 0, so the only Newton fans 6 which contribute to 
Ny,{So) arc of the form 

S^6„,^ {(1, 2)™, (0, (-1, 0)™, (0, l)-+''-2"}, 

for which we have r = s = 0, A — m, U = a + b — 2m, and x' = X- Eventually, 
Theorem l2. 91 reduces to Abramovich-Bertram Formula 

m=0 ^ ^ 

We point out that the above sum starts at m = although the original Abramovich- 
Bertram formula starts at m = 1. This difference comes from the fact our formula 
involves reducible enumerative invariants, whereas the original involves irreducible 
invariants. In this latter situation one has N^^'(^5o) — which explains the differ- 
ence in the initial value in both summations. 

In the special case n = 0, it is immediate to adapt the proof of Theorem l2.9l to get 
a formula only involving irreducible curves, and of course one recovers the original 
Abramovich-Bertram formula 

m=l ^ ^ 

However in the general case, the most natural way of phrasing Theorem 12.91 is via 
reducible enumerative invariants. See also Proposition 15 . 1 7l for another application 
of our methods to irreducible enumerative invariants. 
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Example 2.11 (The case n = 1) 

We now set up a formula relating enumerative invariants of Si and S3. As men- 
tioned in the introduction, this formula can also be deduced from lonel's and 
Parker's symplectic sum formula |IP04| (note however that this latter provides 
another, though equivalent, formula than ours). According to Example 12 . 71 we have 
a nonzero contribution for a fan 5 only it d ~ (2"~*°, l^t^^ g^j^j^ q, — j^^"^*"^**"). 

By notation 12.81 we thus have directions {—ai,/3i) — (—1,1) and (0,/3r+i) = (0,2) 
only. Hence the only Newton fans S which contribute to Ny,{So) are of the form 

S = d^,t^,tb - {(1,3)", (0, -l)2-+^ (-1,0)-^, (0, 2)*\ (-1, 1)^, (0, l)''-^+2*»} 

with R = a — ta ~ ti, — m and A = 2m ta -\- % — a. Theorem 12.91 reduces to 



a a — m , o \ 

^x(M=E E 2*-(2t.-l)!!.( « + ^ + X 

m=0 ta+tb=0 ^ ° / 

Example 2.12 (The case n = 2) 

According to Example 12 . 71 we have a nonzero contribution only for fans of the form 

5 = Srn.t = {(1, 4)™, (0, -l)3-+^ (-1, 0)^, (-2, 1)*» , (-1, 2)*S 
(-1, l)*s (0, 3)*/, (0, 2)*=, (0, i)b-^+3t.+te+te} 

with 

i — (^ai ^67 ^z)? 

ta = a — tc — tb — t f — te — td — m, and ^ = 3m + 2(i/ + + — a) + ^6 + ^c- 
Theorem 12.91 reduces to 



m=0 t6+ic+td+te+t/=0 

with 

T> ^■iU+tf nt (itd + tc + tA tclie! / 2a + h + td - t, - 2t f ~ im ~ 

■U,te,3,...,3A t,! A 3i, + ie + te 

There are copies of 3 in the above multinomial coefficient. 



3. Basic tropical geometry 



Here we briefly recall standard definitions in tropical geometry in order to fix no- 
tations we use in the rest of paper. For a more comprehensive introduction to the 
subject the reader may refer for example to [BITOSj . |Gat06j . [MarOSj . |Mik05j . 
|Mik06| . |RGST05| and references therein. 

3.1. Tropical curves and morphisms. We start by defining tropical curves and 
their morphisms to M". 

Given a (non-necessarily compact) topologically complete metric graph C, we de- 
note by Edge(C) the set of edges of C, by Vert(C) the set of vertices of C, and by 
Edge°°(C) the set of non-compact edges of C. Elements of Edge°°(C) are called 
ends of C, and elements of Edge°(C) = Edge(C) \ Edge°°(C) are called hounded 
edges. The valency of a vertex V is the number of edges of C adjacent to V , and is 
denoted by val(F). 
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A degenerate metric graph is the data of a graph C equipped with a complete metric 
on 

\eeE / 

called the non-degenerate part of C, where E is some subset of Edge°(C). We write 
l{e) G M>o for the length of the bounded non-degenerate edge e. Edges in E are 
called degenerate, and their length l{e) is defined to be 0. A connected component 
of the union of degenerate edges of C is called a degenerate component of C. The 
metric graph C is said to be tamely degenerate if C does not have a non-degenerate 
edge whose adjacent vertices are both contained in the same degenerate component. 

Definition 3.1 (Abstract tropical curves) 

An abstract (punctured) tropical curve is a tamely degenerate metric graph without 
degenerate loop-edges, equipped with a function 

Vert(C) — > Z>o 
V ^ gv 

satisfying the stability condition. The integer gv G Z>o is called the genus of 
the vertex V. The stability condition states that vertices of genus are at least 3- 
valent, and vertices of genus 1 are at least 1-valent. Two abstract tropical curves are 
isomorphic (and will from now on be identified) if there exists an homeomorphism 
between them, restricting on an isometry on the non-degenerate parts, that respects 
the genus function on the vertices. 

The tropical curve C is said to be irreducible if it is connected. 

The topological Euler characteristic of C is x(C) ~ ba^C) — &i(C) where hi{C) is 
the ith Betti number of C. 

The tropical Euler characteristic of C is Xtrop(C') — xi^) ~ Sv'gVcit(c) 5^- 

The genus of an abstract tropical curve C is defined to be g{C) = 1 — Xtrop(C')- 

We say that an abstract tropical curve is explicit if = for all vertices V. 

The combinatorial type of an abstract tropical curve is the homeomorphism class 
of C together with the genus function and the degenerate edges, i.e. we drop the 
information about the positive lengths. 

Remark 3.2 

The consideration of tropical curves with degenerate edges has already been sug- 
gested in the literature (see for example jBBMl Definition 6.2]). However to our 
knowledge they were not rigorously introduced and used up to now since tropical 
curves without degenerate edges suffice for many applications of tropical geometry, 
for example for the enumeration of curves in toric varieties. Degenerate edges turn 
out to be necessary when considering tropical morphisms to tropical varieties dif- 
ferent for K", where it is essential to distinguish the set-theoretic inclusion from 
the tropical-theoretic inclusion. We refer to Section [Q] for more details. 

Remark 3.3 

We recover the classical formula x(C) = #Vcrt(C) — #Edge(C) only in the case 
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when C is compact. When C is not compact, we have 

X{C) = #Vcrt(C) - #Edge°(C) = #Vert(C) - #Edge(C), 

where C is the compact tropical curve obtained from C by adding one vertex to 
each of its ends. 

Note that x(C) = Xtrop(C) if and only if C is explicit, and that g{C) = 61(C) + 
I]veVort(c) 5y + 1 - 60(C). 

Definition 3.4 (Tropical morphisms of curves to M") 

A tropical morphism is a continuous map /i : C — ^ M" from an abstract tropical 
curve C satisfying the following conditions: 

• On each non-degenerate edge e the map h is integer affine linear, i.e. of the 
form h\e{t) = a + t -v with a € M" and w G Z" once we have identify e with 
an interval of M by an isometry. If y e 9e and we parameterize the edge 
e starting at V, the vector v in the above equation will be denoted v{V, e) 
and called the direction vector of e starting at V. If V is understood from 
the context (e.g. in case e is an end, having only one adjacent vertex) we 
will also write u(e) instead of v{V,e). The greatest common divisor of the 
entries of v{e) is called the weight of e for h. 

• each degenerate edge e adjacent to the vertices V and V is equipped with 
two vectors v{V, e) — —v{V', e) in Z"; moreover e is mapped to a point by 
h (i.e. the restriction of h on e can be thought as an infinitesimal integer 
affine linear map). 

• At each vertex V the balancing condition is satisfied, i.e. 

E v{V,e)=0. 

eeEdgo(C); Vede 

Note that degenerate edges of C contribute to the balancing condition. Two tropical 
morphisms h : C ^ M" and h : C ^ M" are called isomorphic (and will from now 
on be identified) if there is an isomorphism of tropical curves (j) : C ^ C such that 
ho (j) ^ h. 

The Newton fan (5 of a tropical morphism h : C R" is the multiset 5 = 
{v(e)}eeEdgc~(C)- 

The combinatorial type of /i : C — >■ M" is the combinatorial type of the underlying 
abstract curve C together with the direction vectors of all edges. 

3.2. Tropical morphisms of curves to a tropical surface. The proof of The- 
orem 12.91 works by enumerating of tropical curves in a tropical surface X C M'^ 
(see Remark lA.lOl for a justification) . We first recall the definition of a tropical 
hypersurface of M" , and then define tropical morphisms /i : C — )■ X for a particular 
surface X. 

Recall that the tropical operations on R, denoted by " -I- " and " x " , are defined by 

"a + 6" = max(a, b) and "a x 6" = a + b. 

A tropical polynomial is then a piecewise-affine function 

P : M" — > R 

X 1 — "X^iflia;"' = maxi(ai -I- (x,i)). 
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where (, ) denotes the standard Euchdean product on M". 
Definition 3.5 (Tropical hypersurfaces) 

The tropical liypersurface Z{P) defined by a tropical polynomial P{x) = " J^i o-ix" 
in n variables is the subset of R" where the value of P{x) is given by (at least) two 
distinct monomials of P. 

In other words, a points xq is in Z{P) if and only if there exist two distinct i and 
i in Z" such that P{xq) = ai + {x,i) = aj + {x,j). 

Remark 3.6 

We work with a simplified definition of a tropical hypersurface: we neglect the 
weights that one usually assigns to the facets of the polyhedral complex Z{P). 
We do not discuss these weights here, since for the particular tropical surface X 
considered in the rest of this paper they do not play any role. 

Example 3.7 

In the whole paper, we denote by Px the tropical polynomial Pxix,y,z) = "a; + 
y + z" and by X the tropical surface Z{Px) in M.^ . The surface X consists of three 
2-dimensional cells, = {x = y > z}, <J2 ^ {x ~ z > y} and crz ~ {y ^ z > .t}, 
that meet in the line L ~ {x ^ y = z} = M(l, 1, 1) (see Figure [2]). 

Now we define tropical morphisms h : C X. As it has already been mentioned 
in the introduction, the tropical inclusion is more subtle than the set theoretic 
inclusion. In the simple situation we deal with in this paper, i.e. X is just made of 
three faces meeting along the line L, there arc only two extra conditions we have 
to impose on h to be tropically contained in X: the direction vectors of degenerate 
edges should be contained in the union of the linear spans of the faces of X , and 
h should satisfy the so-called Ricmann-Hurwitz condition. The necessity of this 
latter condition has first been observed by the first author and Mikhalkin ( [BMb| . 
see also [BBM11| and [ABBRj ). More conditions that have to be required for a 
tropical morphism h : C ^ X to & more general tropical surface X can be found 
in [BS| and |Winl2] . 

The above-mentioned Riemann-Hurwitz condition is based on tropical intersection 
theory. We first recall basic facts and definitions in tropical intersection theory 
restricting to the information we need for our purposes. Wc use notations from 
Example 13.71 in next definitions. 

We define di = {x ~ y}, d'2 = {x = z}, (^3 = {y = z}, and T^X = ai U a2 U o'j. 
Definition 3.8 (Tropical premorphisms to X) 

A tropical premorphism h : C X is a, tropical morphism h : C ^ M.^ such that 
. h{C) C X; 

• for any edge e adjacent to the vertex V, one has v(V,e) G T^X; moreover 
if v{V, e) £ ai\X one has v{V, e') G cr, for all edges e' adjacent to V. 

An edge e of C is said to be tropically mapped to L if h(e) C L and v{V, e) is parallel 
to (1,1,1). 
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Note that the second condition above is non-empty only for degenerate edges. Ob- 
viously an edge e is tropically mapped to L if e is non-degenerate and h{e) C L. 
On the other hand, if e is degenerate then the fact that /(e) C L docs not imply 
that v{V, e) is parallel to (1, 1, 1). 

Definition 3.9 (Intersection multiplicities) 

Let h : C ^ X he a. tropical premorphism, and let V he a vertex of C. If h does not 
map a neighborhood of V entirely in some plane <7i, the intersection multiplicity of 
C with L at V, denoted by dy, is defined as 

dv^ J2 \Px{viV,e)) + Pxi-viV,e))\ 

V ^de and /i(e)C(T^ 

for any choice of face ai of X . Otherwise we set dy = 0. 

A vertex y of C is said to be tropically mapped to L if cither dy > or each edge 
adjacent to V is tropically mapped to L. 

The overvalency of V is defined by 

ovy := fcy — o?y _ 2 -f 2gv, 

where fcy is the number of edges of C adjacent to V and not tropically mapped to 
L by h. 

The total intersection number of C with L, denoted by C o L. is defined as 

CoL= '^v- 

VeVcrt(C) 

Remark 3.10 

The intersection multiplicity dv does not depend on the choice of the face Ui (see 
[AR10| . phap . More precisely, if we choose Ui = cti, then 

v{V,e) = {x,x,z) and \Px{v{V,e)) + Px{-v{V,e))\ = \x ~ z\. 

The total intersection number of C and L depends only on the Newton fan of 
h : C X: the Newton fan equals the recession fan of the (embedded) tropical 
curve h{C), i.e. the fan obtained by shrinking all bounded edges of h{C) to length 
0; the total intersection number of C with L equals the tropical intersection of h{C) 
with X in R'^; since h{C) is rationally equivalent to its Newton fan, this intersection 
depends only on the Newton fan. 

Definition 3.11 (Tropical morphisms to X) 

A tropical premorphism h : C ^ X is a tropical morphism to X if ovy > for any 
vertex V oi C with dy > 0. 

This extra condition for a premorphism to be a morphism is a consequence of the 
Ricmann-Hurwitz formula in complex geometry (see Section 16.11 for more details) 
and is usually referred to as the Riemann-Hurwitz condition. 

Example 3.12 

Two examples of tropical premorphisms hi : Ci ^ X and /12 : C2 — >■ X, where 
Ci and C2 are two tropical curves made of one vertex and 3 ends, are depicted in 
Figure [5^. The integer close the the vertex of d denotes its genus, and the vector 
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close to the image of an edge e is the vector v{e). In each case, d o L ^ 2. The 
tropical curve Ci has genus 0, and Ci has genus 1, so hi is not a tropical niorphisni 
to X, while /i2 is. 

Figure [SJd shows an example of a tropical morphism : C3 ^ X , where C3 is a 
tropical curve of genus made of one vertex and 4 ends. In the whole paper we use 
the same convention to encode both an abstract tropical curve and its image by 
a tropical premorphism in the same picture: the two edges we draw close to each 
other in the (—1, 0, 0)-direction are distinct edges in C3 which have the same image 
by hs. 




a) b) 

Figure 5. Examples of tropical (pre-)morphisms. 

The combinatorial type of a tropical morphism /i : C — ^ X is the combinatorial type 
of the underlying abstract tropical curve together with the direction vectors for all 
edges, and together with the set of vertices and edges that are tropically mapped 
into L. 

Notation 3.13 

Given /i : C — >• X a tropical morphism, we define Ci = h~^(<Ji) and hi — h\Ci for 
i = 1, 2, 3. Note that the projection (x, j/, z) 1— >■ (cc, y) identifies each face (72 and era 
of X with a half-space in M^, and maps the lattice ai n 7? isomorphically to the 
lattice I? C M^. Hence using this projection and extending edges of C that meet 
L to ends, the map hi : Ci — > can be understood as a tropical morphism to the 
plane for i = 1,2. In the same way, the projection (x, y, z) 1— > (y, z) identifies the 
face (Ti of X with a half-space in R^, and using this projection the map hi : Ci ^ 
can be understood as a tropical morphism to the plane. 

4. (1, 1)-ReLATIVE INVARIANTS OF E„ 

We now define tropical analogues of (1, 1) -relative invariants and state their corre- 
spondence to the numbers Af{u,n, d, a) of Definition 12.41 in Theorem 14.41 We end 
this section by computing explicitly those invariants in the cases n = 0, 1, and 2. 
The proof of Theorem 14.41 is postponed to Section 16.31 

4.1. Tropical analogues of J\f{u,Ti,d,a). If Ci and C2 arc two tropical curves 
in the plane R^, we denote by Ci o C2 their tropical intersection number, and by 
(Ci o C2)p the stable intersection multiplicity of Ci and C2 at the point p (sec for 
example [RGST05], Section 4). 
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Definition 4.1 

Fix the following data: 

• two integers u > 1 and n > 0, 

• a tuple d = (di, . . . ,6?^+^) of positive integers satisfying di < n + 1 and 



• a tuple a = (ai, . . . , a^) of positive integers satisfying ai < di — 1 (we write 
a = if r = 0). 

Suppose in addition that 



Furthermore, choose a collection of r + s points u = {pi, . . . ,pr+s) on the line 
L = {x = y} in R^, in such a way that the ai-coordinates of the points pi increase 
as i increases. 

Let TS'{u, n, d, a, lu) be the set of tropical morphisms /i : C — >■ passing through 
w (i.e. satisfying w C h{C)) such that 

• C is the disjoint union of of u rational tropical curves; 

• for each i = l,...,r + s, the curve C has exactly one vertex Vi with 
h(Vi) = Pi such that the intersection multiplicity of C with L at Vi equals 
di. Furthermore, each vertex Vi is adjacent to ki ends of direction (—1,0) 
and to li :~ di — ki ends of direction (0,1). In addition, these vertices 
satisfy: 

— for i ~ I, . . . ,r: Vi is di + 2-valent, in addition to the ends described 
above it is adjacent to one end of direction {ai,ai). In the following, 
we sum up all these requirements by saying that Vt is a vertex of type 
1 (see Figure [6K). 

— for I = r + 1, . . . , r + s; Vi is di + 1-valent. In the following, we sum 
up all these requirements by saying that is a vertex of type 2 (see 
Figure [61d) . 

• each connected component of C contains exactly one end with direction 
vector (1, — n); 

• C has exactly u{n + 2) + r ends (in particular they all have been described 
above). 



u{n + 1) 




Vi = 1 , . . . r — 1 . 



k 



/ 



/ L 



' L 




a) Vertex of type 1 



b) Vertex of type 2 



Figure 6. Vertex types on L of tropical morphisms in IS' 



(u, d, a, Lo). 



Let h : C —?' M.^ he an element of TS'{u,n,d,a,uj). For each vertex ^ of C not 
mapped to L, we choose two adjacent vectors ev,i and ev,2, and we define the 
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multiplicity of /i : C ^ 



as 



t^h = Y[\^ j n |dct(w(ev,i),w(ey,2))|- 



i=l ^ * ^ yGVGrt(C), V^V^ 



Finally wc define the number 




We also set 

TJ\f{0, n,d,a) ~ 1 it d ~ a ~ 0, and otherwise. 



Remark 4.2 ^ 

It follows from the definition that the total intersection number of a component C 



Note also that since < < — 1, we have rf^ > 2 for i < r. 

The next lemma states in particular that TJ\f{u, n, d, a) is indeed finite. The proof 
follows exactly along the lines of |GM07b| . so we do not include it here. Denote by 
U the subset of L^'^'^ consisting of tuple (pi, . . . ,Pr+s) such that pi has a strictly 
smaller x-coordinate than pj if i < j, for all i, j = 1 . . . r + s. 

Lemma 4.3 

There exists a dense open subset UofU such that for any choice of collection uj in 
U satisfying the requirement of Definition \4.I\ one has 

• the set TS'{u, n, d, a, u) is finite; 

• for an element h : C TS'{u,n,d,a,io), any vertex V of C not 
mapped to L is 3-valent; furthermore h is an embedding in a neighborhood 



• the number TJ\f{u,n^ d, a) does not depend on the choice of lu in U. 

The independence of the number T7V(m, n, d, a) of w is also an immediate corollary 
of the next theorem, whose proof is postponed to Section 16.31 

Theorem 4.4 



4.2. Examples. We end this section by computing the numbers J\f{u,n,d,a) for 
n = 0,1 and 2. The cases n = and 1 could easily by done without the whole 
machinery of tropical geometry. However we perform their computation tropically 
as a warm-up for less straightforward computations. We first show that there are 
only two kinds of vertices of type 2, and that /i/j only gets non-trivial contribution 
from connected components of C containing a vertex of type 1. We now fix a tuple 
UJ = {pi, . . . ,Pr+s) in and an element /i : C — ?> of TS'{u, n, d, a, w). 



of C with L equals ^ 



n + 1. 



ofV; 



For any u, n, d, and a satisfying the hypothesis of Definition \4.1\ one has 

TJ\f{u, n, d, a) ~ J\f{u, n, d, a). 



Lemjna 4.5 

Let C be a connected component of C containing an end e with direction vector 
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(—1,0) adjacent to a vertex Vr+j of type 2. Then C does not contain any vertex of 
type 1, and e is the only end of C with direction vector (—1,0). In particular one 
has 

n n C^t^O' n |det(.(ei),«(e2))| = l. 

If a = (i.e. no vertices of type 1) and u — \ (i.e. C is irreducible) the curve C is 
mapped to as depicted in Figure [71 



di - 1 ^2 c?s 




Figure 7. The element of T5'(l, n, d, 0, uj). 



Proof: 

Let T be the smallest subtree of C containing the end e' of C with direction vector 
(1, — ri), as well as all the vertices of type 2 contained in C (see Figure [8] where we 
depict only what happens in the half-plane x > y). Orient the edges in C such 
that they point towards the end e'. Assume that T ^ C. For each vertex Vi of C 
we denote by the unique edge of C adjacent to Vi and mapped to the half-plane 
X > y. By definition of the set TS'{u,n,d,a,uj), the direction vector of the edge 
Cr+i has x-coordinate kr+i- Any edge of C adjacent to T but not in T connects T 
to some of the points pi, . . . which have a strictly less x-coordinate than the 
points Pr+i, ■ ■ ■ ,Pr+s- Thus any such edge has a positive x-coordinate. Since the 
sum of the cc-coordinates of all such edges and of all edges e^+i in C equals 1 we 
can conclude that there is in fact only one nonzero summand which equals one. By 
assumption, we have fcr+j > 1, so we must have fc^+j = 1 and T — C. The claim 
follows. The claim about the contribution of such a component to T7V(m, n, d, a) 
follows since the vertices below L contribute Jli=2 '^i ' binomial factors are all 
one except for Vi where we get di, and we divide by J^^^^^ d^. □ 
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Figure 8. A component C , together with the tree T in thiek. 



Lemma 4.6 

We have 

' I ifd= (1") and a 



J\f{u, 0, d, a) 



otherwise. 



In particular, for any morphism in TS'{u,0, (l"),0,a;) every connected component 
is mapped to a horizontal line as in Figure\§jp,. 

Proof: 

It is enough to prove the lemma in the case u = 1. Let /i : C — > be in 

TiS'(l, 0, d, a, cj). Remark 14.21 imphes that ^ = 1 and r = 0. So s = 1, which 

completes the proof by Theorem 14.41 □ 




a) d = (1"), a = 0, /i = 1 h) d= (2), a = (1), = 1 




c) d = (1, 1), a = 0, A* = 1 d) d = (2), a = 0, At = 2 

Figure 9. A/'(u, n, d, a) for n = and 1. 
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Lemma 4.7 

Suppose that dr+i > . ■ ■ > dr+s- We have 



{2ta - 1)!! ifd= (2«-*<., l2t„) ^ ^ 
otherwise. 



N{u, 1, d, a) = 
Proof: 

Let /t, : C ^ be an element of T5'(w, 1, d, a, a;). We study the connected 
components of C, i.e. we assume first that u = 1, which imphes ^(ii=n + l = 2. 

If r > 0, then by Remark [4. 2 1 we have d = (2) and a = (1). This imphes immediately 
that C has only one vertex, and that the only possibility for the Newton fan of h 
is {(1, —1), (1, 1), (—1, 0)^}. In this case C is mapped to as depicted in Figure 
|9h and — 1- 

If r = according to Lemma the Newton fan of h is {(—1, 0), (0, 1), (1, —1)}, the 
curve C is mapped to as depicted in Figure IHt or d, and fj.fi equals respectively 
1 and 2. 

In the general case, every connected component of C is mapped to as depicted 
in Figures[9}3, c, and d. Thus we must have a = (1^), and r equals the number of 
components as in Figure ^^d. Denote by t/, the number of vertices of type 2 with 
di = 2 (i.e. the number of components as in Figure IHJl) and by 2ta the number of 
vertices of type 2 with di — 1 (i.e. ta is the number of components as in Figure [SI;). 
Since u is the total number of components we have r + ta + ti, = u. We can thus 
express d= (2^2*Sl2*») as d = (2""*" , l^*-) and a = (1' ) = (l""*"-*"). 

There is a one to one correspondence between TS'{u, l,d,a,uj) and the partitions 
into pairs of the set of pi such that di = 1. Hence we have #T5'(m, l,d,a,uj) ~ 
{2ta — 1)!!. The multiplicities of the components as in Figure [SJi exactly can- 
cels with the global factor Yl in the definition of TJ\f{u, l,d,a), thus we have 
TA/'(u, 1, d, a) = A/'(u, 1, d, a) = (2ta - 1)!! by TheoremgH □ 



Lemma 4.8 

Suppose that di > 



N'{u,2,d,a) = < 



> dr and d. 



T + l 



> . . . > d 



r+s • 



Then we have 



Vt^,te,3,...,3/ td! 



tfd= {3*-+*" , 2*" , 3*/ , 2*= , i3td+tc+te ) anda = (2*- , 1*=+*" ) 

with ta + tb + tc + tf + te + td = U 



otherwise, 

where there are td copies of 3 in the above multinomial coefficient. 
Proof: 

Since the technique is exactly as in Lemmas 14.61 and 14. 6i we briefly sketch the 
proof. Each component of an element of TiS'(m, 1, d, a, w) has to be mapped to 
as depicted in Figure [TOl and the result follows from considering all possible 
partitions of the points pi, ■ . . ,Pr+s. Here, ti denotes the number of components 
as in Figure [ini for all i=a,b,c,d,e,f. □ 



DEFORMATION OF TROPICAL HIRZEBRUCH SURFACES 



23 




c) d = (2, 1), a = (1), iJL = l d) d = (l3), a = 0, ^ = 1 




e) d = (2, 1), a 0, = 2 i) d ^ (3), a = 0, 3 

Figure 10. Components of curves contributing to N{u, 2,d,a). 

5. Tropical enumerative geometry in the plane X 

This section is the core of the present paper. We start by setting up a tropical 
enumerative problem in the tropical surface X (see Example 13. 7p that we relate 
to the enumerative geometry of complex Hirzebruch surfaces via a Correspondence 
Theorem fSection l5.2p . This latter is an adaptation of Mikhalkin's Correspondence 
Theorem in [MikOSj , and will be proved in Section |6l In Section 15. 3[ we prove our 
main result, Theorem 12.91 We also apply our new method to deduce a formula 
enumerating irreducible curves for some cases. This formula generalizes a result by 
Abramovich and Bertram (see |VakOOj ). 

5.1. Basic tropical enumerative geometry in X. Here we describe a particu- 
lar kind of tropical enumerative problems concerning tropical morphisms through 
point conditions in X, and describe properties of the tropical morphisms that are 
solutions. Recall that the tropical surface X is made of three 2-dimensional cells, 
(Ti = {x = y > z}, 02 — {x — z > y} and — {y — z > x}, meeting along the line 
L = K(l, 1, 1). 

Notation 5.1 

Let A be a Newton fan only containing vectors in X , but no vectors in L, and let 
X S Z. We denote by the set of directions of A in (Ji for i = 1,2, 3, and by d the 
intersection multiplicity of L with the Newton fan A (see Remark I3.10p . For the 



24 



ERWAN BRUGALLE AND HANNAH MARKWIG 



rest of this section, we assume that any direction in A3 has tropical intersection 
multiphcity 1 with L, i.e. d = i^As. 

Given a configuration lo of — d points in ai U a2, we denote by TiS(a;) the 
set of ah tropical morphisms h : C ^ X with Newton fan A, with Xtiop(C') — x, 
and passing through all points in w. 

In the proof of Theorem 12.91 we use a configuration w C ci , however almost all 
results from this section still hold without this assumption. The rest of this section 
is devoted to prove the following proposition describing the elements of T5(a;). 
Recall that given a tropical morphism h : C ^ X, we define Ci = h~^{<Ti) (see 
Notation IXT3| . 

Proposition 5.2 

For a generic configuration u, the set TS{lo) is finite. Moreover any tropical mor- 
phism h : C ^ X in TS{uj) satisfies the following properties: 

(1) there is no edge e of C with h{e) C L set theoretically; 

(2) any vertex V of C such that h(V) ^ L is 3-valent; furthermore h is an 
embedding in a neighborhood of V ; 

(3) the tropical curve C is explicit; 

(4) for any point p S uj, the set h~^{p) consists of a single point which is in the 
interior of an edge of C ; 

(5) C3 is a union of d ends of C ; 

(6) for any vertex V of C such that h{V) 6 L one has ov{V) = 0, and V is 
adjacent to exactly one edge of Ci and C2; 

If Lo (Z CTi we have in addition: 

(7) C2 is a union of 41=^2 trees. 

Note that it follows from the conditions above that C contains no degenerate edges, 
and that C3 has exactly dy ends adjacent to each vertex V with h{V) G L. The 
proof of Proposition 15.21 will follow from several technical lemmas. 

We first recall some basic facts about the structure of the space AI" of all tropical 
morphisms to or X with a given combinatorial type a. The space M" is also 
called the (rigid) space of deformations of a (or of a tropical morphism h of type 
a). We can naturally identify the space M" with an unbounded open polyhedron in 
]j2+#Edge°(C). ^ tropical morphism h : C ^ R'^ or X in M" is entirely determined 
by the coordinates of a root vertex of C and the lengths of all bounded edges of C. 
We cannot vary the lengths of non-degenerate edges independently however, since 
they have to satisfy the equations that the cycles close up, and that certain vertices 
and edges are mapped to L if /i is a morphism to X. We call the dimension of M" 
also the dimension of a. 

We say that a plane tropical morphism h : C X (resp. h : C M?) contracts a 
cycle 7 0/ C if the set-theoretic intersection of X with the (classical) affine span in 
M? of h{"f) (resp. if ^1(7)) has dimension at most 1. 

Example 5.3 

The tropical morphisms to depicted in Figure [TTk and b do not contract the 
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cycle, however the one to and to X respectively depicted in Figure ITTb and d 
do. 



a) b) c) d) 

Figure 11. Examples of non-contracted and contracted cycles. 

Lemma 5.4 (see e.g. jGMOTbl Proposition 3.9]) 

The dimension of a combinatorial type a of tropical morphisms to with Newton 
fan 6 and topological Euler characteristic x which does not contract any cycle is 
at most ^6 — X- Moreover dim(M") = ^(5 — X */ f^^d only if every vertex of a is 
3-valent and a does not contain any degenerate edge. 

The dimension of a combinatorial type of tropical morphisms to X is much harder 
to determine. We compute it only in a special situation which will be sufficient for 
our purposes. Recall that given a tropical morphism /i ; C — > X , an edge e of C is 
tropically mapped to L if h[e) C L and v(V., e) is parallel to (1, 1, 1), and a vertex 
F of C is tropically mapped to L if either dy > or each edge adjacent to V is 
tropically mapped to L. 

Notation 5.5 

Let h : C X he a tropical morphism of type a with no vertex V tropically 
mapped to L with dy = 0. We define 

C = C\{e e Edge(C) | /i(e) is tropically mapped to L} 

and h = Note that x(C) = x(C) + I, where / is the number of bounded 

edges of C tropically mapped to L, and that the rigid space of deformations of h is 
naturally identified with M". We define Ci — h~^{ai) and hi = h^^j . As explained 

in Notation 13.131 we may think of hi : d ^ cri C as a tropical morphism to 
the plane R^. Let Vi, . . . ,Vk be the vertices of C tropically mapped to L, and yji 
for J = 1, . . . , fc and i = 1, 2, 3 the number of edges of Ci adjacent to Vj. We set 
Vi — Sj=i Hji- denote by Xi ttie topological Euler characteristic of Ci, and by 
Vj the valency of Vj in C. By definition we have 

3 k 

1=1 j=\ 

and 

k 

x{C) = xi + X2 + X3 - X^^^J - 1) = xi + X2 + X3 - yi - y2 - 2/3 + fc. (i) 
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Lemma 5.6 

Consider a combinatorial type a of tropical morphisms h : C X without any 
contracted cycle, with no vertex V tropically mapped to L with dy = 0, and which 
maps I hounded edges of C tropically to L. Then the dimension of a is less than or 
equal to #A — x{^) — I — d. 

Proof: ^ 

According to Lemma [531 the space of deformations of each morphism hi has dimen- 
sion at most #Ai + yi — Xi- We cannot vary hi, /i2 and /13 independently however, 
since we want to glue them to a single map h. First of all, this imposes some 
conditions on hi itself: for each vertex Vj, we have to require that the yji adjacent 
edges meet the same point on L. This yields yji — I conditions for each vertex Vj. 
These conditions are all independent since we assumed that C has no contracted 
cycle, hence we get yi — k conditions altogether for hi. Since all yj2 edges of C2 
adjacent to Vj meet the point hi{Vj), we get y2 conditions for h2 altogether. Also 
those are independent because we do not have any contracted cycle. Analogously, 
we get j/3 independent conditions for ^,3. Thus the dimension of a is less than or 
equal to 

#Ai +yi-xi + #^2 + y2-X2 + #A3 + ys - xs - yi - y2 - ys + k 
=#A - xiC) - yi - 2/2 - ys + 2k 

k 

^#^-x{C)-l-Y^v,+2k 

k 

=#A - x{C) - I - Y.^oYv, +dv, +2} + 2k 
j=i 

k 

<#A-x(C)-?-^(rfy, + 2) + 2fc 

=#A - x(C) -l-d-2k + 2k 
=#A-x{C)-l-d 

where the first equality follows from Equation ([ij, and the inequality holds since 
ovvj > for j = 1, . . . , k. □ 

Lemma 5.7 

Consider a combinatorial type a of tropical morphisms h : C ^ X as in Notation 
15. Jl and \5.5\ For each i = 1, 2, 3 we have 

#Aj > Xi and y^ > Xi- 

The first inequality is an equality if and only if Ci is a union of #Ai trees, the 
second if and only if Ci is a union of yi trees. 

Proof: 

First note that there cannot be components of C whose image lies in ai. If that 
was the case, it follows from the balancing condition that such a component can 
only have ends with directions in L which contradicts our general assumptions on 
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A. Indeed, if such a component has an end of another direction in cr;, then it must 
meet the Hne L and hence it contains also parts in the other faces of X. Let ki 
denote the number of connected components of Ci . Since there are no components 
whose image hes in Ui, we have hi < yi. Since every connected component must 
contain at least one end, we have #Ai > ki. Any connected component of C; has 
Euler characteristic less than or equal to 1, so Xi < ^i- Moreover we have the 
equality Xi = if only if Ci is a union of ki trees. □ 

Lemma 5.8 

Let h : C ^ X be an element of TS{uj) with no vertex V tropically mapped to L 
with dy ~ 0, and which does not contract any cycle. Then h satisfies properties (3) 
and (4) of Proposition \5.S\ Furthermore one has the following: 

• no bounded edge of C is tropically mapped to L; 

• any vertex of C tropically mapped to L is adjacent to exactly one edge of 
Ci and C2; 

• every vertex V of Ci or C2 not tropically mapped to L is 3-valent and h is 
an embedding in a neighborhood of V ; 

• any degenerate edge of C contained in Ci or C2 is adjacent to a vertex of 
C tropically mapped to L. 

Proof: 

We use the notations introduced in 15.11 and 15.51 According to Lemma 15.41 the 
dimension of the space of deformations of hi is at most ^Ai +yi — Xi- Assume that 
r of the #A — x — d point conditions lie in cri, the other ^A ~ x ^ d ~ r points in 
(72 • Then the morphism hi : C\ passes through a generic configuration of r 

points in the plane, and satisfies moreover the gluing conditions that the yij ends 
adjacent to Vj in Ci must meet the same point. As in the proof of 15.61 this gives 
bi = yi ~ k > extra independent conditions on hi. Hence we can conclude that 
#Ai+?/i— xi >r+bi. In the same way we have #A2+j/2 — X2 > #A — % — d— r + 62 
where 62 = 2/2 — ^ > 0. Finally, we have k extra independent gluing conditions for 
the morphisms hi and /12 to match along L. Altogether we have 

> r + 61 - #Ai -yi+xi + #A-x-d-r + b2~ #^2 - 2/2 + X2 + fc 

=#A3 + ^9v- x{C) + l-d + k-yi+xi + bi-y2 + X2 + b2 

V 

=#A3 + ^gv -X3+y3-k + l-d + k + bi+b2 

V 

= ^gv + {ys - xs) + 1 + h + h 

V 

where the second equality follows from Equation ([Ij and the third equality follows 
since d = #A3 by the assumption made in Notation l5.1l The five summands above 
are all non-negative. For the second one, this follows from Lemma 15.71 for the 
others it is obvious. We can thus conclude that each summand is zero. It follows 
that ^ = 0, the curve C is explicit, and that yi = y2 = k. Hence the tropical 
morphism h satisfies property (3). Using Lemma 1 5. 7[ it follows that C3 is a union 
of 2/3 trees. 
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Also, it follows that the dimension of the type of hi : d ^ equals #Ai + y-i — Xi 
for i = 1,2. By Lemma 15.41 every vertex of Ci and C2 not tropically mapped to L 
is 3-valent, and every bounded edge of Ci or C2 is non-degenerate. 

Suppose now that C has a 3-valent vertex Vq not tropically mapped to L in the 
neighborhood of which h is not an embedding. This means that two edges of C 
have the same (primitive) direction vector from Vq. Since hi docs not contract any 
cycle and j/i = j/2 = fc, by gluing edges which have the same image by hi one can 
produce a tropical morphism h' : C X in TS{uj) with no vertex V tropically 
mapped to L with dy ~ 0, which docs not contract any cycle, and with a vertex Vi 
not tropically mapped to L which is not 3-valent. But we just showed above that 
this is impossible, hence a contradiction. 

We showed that the rigid space of deformation of h has dimension #A — x ~ d, 
which is exactly the number of independent conditions imposed by lo. In particular 
h cannot satisfy any further independent condition, like having a vertex or two 
points of C mapped to a point of w, i.e. h also satisfies (4) □ 

Remark 5.9 

If we assume that our point conditions lie in cti, a modification of the proof of 
Lemma above shows in addition that C2 is a union of #A2 trees: In this case, 
#Ai 2/1 - xi > #A - X - d + &i and 

> #A - X - d + &i - #Ai - j/i + XI 
=(#A2 -X2) + J2gv + {V2 -k) + (yg - X3) + bi + l, 

V 

Here, the first summand is nonnegative due to 15.71 and the third summand is non- 
negative since there must be an edge inside (T2 adjacent to each of the k vertices in 
L. As before it follows that all summands are zero, and in addition to the results 
of Lemma 15.81 can conclude that in this situation C2 is a union of =ffA.2 trees. 

Corollary 5.10 

If h : C X is an element ofTS{uj), then h does not contract any cycle and no 
bounded edge of C is tropically mapped to L. In particular, C does not contain any 
vertex V tropically mapped to L with dy = 0. 

Proof: 

Suppose that h : C ^ X is an element of TiS(w) which contains a vertex V tropically 
mapped to L with dy = 0. We denote by Cl the union of vertices and edges of C 
which are tropically mapped to L. 

On each connected component of h~^{L) D Cl wc identify all points having the 
same image in L. In this way, wc produce a tropical morphism h' : C ^ X with 
the same image as /i, with no vertex V tropically mapped to L with dy ~ 0, and 
with 61 (C) < 61(C). Note that any vertex of V of C obviously satisfies ovy > 0. 
If hi{C') < bi{C) wc increase the genus of an arbitrary vertex of C" in such a way 
that .g(C") = g{C). If h' does not contract any cycle, then it follows from Lemma 
15.81 that no bounded edge of C" is tropically mapped to L. So C = C , h = h' , and 
the corollary is proved in this case. 
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So we are left to prove the corollary when h contracts a cycle and C does not 
contain any vertex V tropically mapped to L with dv = 0. Let 7 be a contracted 
cycle oi h : C X. Because of the above, we may assume that 7 n Cl is finite and 
/i(7 n Cl) n L is either empty or a single point. There is a continuous involution on 
7 \ Cl which exists on any morphism with the same combinatorial type as h. We 
can quotient 7 by this involution producing a tropical premorphism h' : C X , 
where &i(C") = bi{C) ~ 1. We want to construct a tropical morphism h" : C" X 
of genus g{C) out of h' : C ^ X. To do so, we have to increase the genus of 
one vertex of C by one, making sure that the overvalencies at vertices tropically 
mapped to L are all nonnegative. 

If /i(7 n Cl) n L = then the ovcrvalency of the vertices of C mapped to L are the 
same as those of C, and we increase by one the genus of an arbitrary vertex of C . 

If /i(7 n Cl) n L ^ then it is a point. Let Vi , . . . , \4 be the vertices of 7 tropically 
mapped to L. The involution identifies the vertices Vi, . . . , K of C with a single 
vertex V of C, with overvalency ovy = X]i=i '^^Vi —s' + 2(s — 1), where s' is the 
number of pairs of edges in a neighborhood of the Vi that are glued together by the 
involution. Since s' = s, the overvalency can only become negative if s = 1. This is 
the case when the involution identifies two edges adjacent to a single vertex Vi on 
L. In this situation we increase the genus of Vi by one (the corrected overvalency 
is now positive) thus again producing a morphism h" : C" ^ X of the same genus. 
Otherwise, we increase the genus of an arbitrary vertex of C by one. 

We repeat this for any contracted cycle. Eventually, we obtain a tropical morphism 
h" : C" X \ii TS{uj) of genus without any contracted cycle, and with 61 (C") < 
61(C). It follows from Lemma [STSl that C" is explicit, a contradiction. □ 

Lemma 5.11 

If h : C X is an element ofTS{uj), then oviV) ~ for any vertex V tropically 
mapped to L, and C3 is a union of d ends. 

Proof: 

By CoroUarv 15.101 the morphism h does not contract any cycle and does not tropi- 
cally map any bounded edge of of C to i. By Lemma [5.81 the curve C is explicit, 
and yi — y2 = k. Hence considering the sum < oy(V) over all vertices with 
h{V) e L we obtain 

Ev ^HV) = Ev (val(V') -dv-2 + 2gv) 

= -d+J2yVSi\{V) -2k 

= -d + yi+y2+ Vs - 2k 

= -d+ i/3 
< 

since by definition of d = C o L we have d > y^. Hence J^v oy{V) = and 2/3 = d 
as claimed. □ 

Proof of Proposition 15. 2t 

There are finitely many combinatorial types of tropical morphisms in X with New- 
ton fan A and of Euler characteristic x- If : C ^ X is an element of TiS(a;) 
of combinatorial type a, it follows from Lemmas 15. 6| 15.81 and CoroUarv 15.101 that 
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dim(Af") < — x — d. Since we fix #A ~ x~ d independent linear conditions, 
it follows that we have equality and that there is a unique tropical morphism of 
combinatorial type a in TiS(aj). This proves that TS{uj) is finite. 

Corollary 15.101 implies that the assumption of Lemma 15.81 are satisfied by all el- 
ements of T5(cj), in particular (3) and (4) are satisfied. Suppose that C has a 
degenerate edge e. By Lemma [5.8[ any degenerate component of C is a tree and 
any edge e of this tree is adjacent to a vertex V oi C tropically mapped to L. The 
other vertex V' adjacent to e is not tropically mapped to L since otherwise e would 
be tropically mapped to L contradicting Corollary 15.101 Hence V is a trivalent 
vertex of C . Now two possibilities can occur: 

(a) V is adjacent to only one degenerate edge of C; in this case, by contracting 
e we produce a new tropical morphism h' : C ^ X in TiS(w) with a vertex 
V satisfying ov{V) > 0. 

(b) V' is adjacent to two degenerate edges; in this case by gluing these two 
edges as in the proof of Corollarv lS.lOl we produce a new tropical morphism 
h' -.C X in TS{uj) with a vertex V satisfying ov{V) > 0. 

Hence both cases contradict Lemma 15.111 and C docs not have any degenerate 
edge. In particular any element of TS{lu) also satisfies (1). 

Lemmas 15. Ill and 15.81 give (5) and (6). It follows from (5) that there are no vertices 
of C mapped to in \ L. Since we know from Lemma [5.81 that (2) is satisfied for 
any vertex in cri U cr2 \ i, (2) follows. 

Remark 15.91 proves (7) for the case when w C (Ti. □ 



5.2. Relation with enumerative geometry of Hirzebruch surfaces. One can 

compute tropically enumerative invariants of Hirzebruch surfaces by enumerating 
tropical curves in with Newton fan (sec Example 12. 3^ : 



However to obtain the equation of Theorem 12.91 one has to enumerate tropical 
curves in X: Theorem l2.9l is based on the deformation of to I]„ which can be 
described tropically by the tropical surface X (see Appendix |A] for more detailed 
explanations). Hence we are interested in tropical curves with Newton fan 



For convenience later in the formula, we apply the transformation (x, y, z) i— > 
(x, — y, z), i.e. we fix the following Newton fan 



<5o = {{l,nT, (0, -1)-+'', (-l,or, (0, 1)"}. 



{(1, n, l)^ (0, -1, ir+\ (-1, 0, 0)", (0, 1, o)^ (o, o, 




a(n+l)+b 



}■ 



A3 = {(0,1,1) 



an+6 



,(-1,0,0)"}. 
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Note that here d ~ (n + l)a + 6, and ~ d. In particular we are in the situation 
covered by Section 15.11 As in Section 15.11 let us choose an integer x G and a 
generic configuration w of #A — % — d points in ai U (T2- 

Following Notation 15. 1[ we denote by TS{uj) the set of all tropical morphisms 
h : C ^ X passing through uj, with Newton fan A. and with C a tropical curve 
such that Xtrop(C) — x- Recall that any element of T5(cl)) satisfies the properties 
(1) — (6) given in Proposition [521 

Given an element h : C ^ X oi TiS(w), we denote by VertL(C) (resp. VertCTi(C)) 
the set of vertices of C mapped to L (resp. (Ji\L). If F e Vert^i (C) U Verto-j (C), 
then it follows from Proposition 15.21 that val(y) = 3. 

Given V G Vertcri(C), we choose any two of its adjacent edges ev,i and ev,2- Note 
that we have v{ev.,j) = {cLv.,j,av,j,bv,j) if i = 1, and v(ev,j) = {av,j,bv,j,av,j) if 
i ~ 2 for some ayj and by.j- 

A vertex V S Verti(C) is adjacent to dy ends mapped to (T3, say fcy ends with 
direction (—1, 0, 0) and ly ends with direction (0, 1, 1) (pointing away from L). Note 
that kv + Iv ~ dv- 

Definition 5.12 (Multiplicity of a tropical morphism in T5(a;)) 
Let /i : C — > X be an clement of T5(w). 

We define the multiplicity of a vertex V S Verto-; (C) as 



dot 



av,i av,2 
bv,i by. 2 



We define the multiplicity of a vertex V G Vert l (C) as 

^ky + ly^ 
ky 



fJ-v 



We define the multiplicity of h as 

^J■h = 



n 

yevort(c) 



We also define the two following numbers 
and 

TiV7(A,c.)= i'h- 

where T5(w) is the set of tropical morphisms h : C ^ X h\ TS{uj) from an irre- 
ducible tropical curve C. 

The next Theorem is one of the main results of this paper. 
Theorem 5.13 (Correspondence Theorem) 

Let A, Xy O'lT'd UJ be as explained in the beginning of Section 15. 2\ and let as in 
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Notation\EM 

<5o = {(1, n)^ (0, (-1, o)^ (0, 1)"}. 

Then we have 

TN^{A,u)^N2^{So) and TiV^'-(A, l.) = iV^7(<5o). 

We prove this theorem in SectionlHlin the case of irreducible curves, from which the 
case of reducible curves follows immediately. A consequence of the Correspondence 
Theorem 15.131 is that the numbers TNy^{A,u!) and TN'^^{A,uj) do not depend on 
the choice of w, as long as w C (Ti U (72 is generic. We will thus also write TiV^(A) 
and T7V^''''(A) for uj satisfying the requirements. 

5.3. Proof of Theorem 12.91 Wc still fix A, x, and to as in the beginning of 
Section O 

Notation 5.14 

For the rest of the paper, we suppose that w C cti and that the points in uj have 
very low z-coordinate compared to the x and y-coordinates. 

To prove Theorem l2.9l we need the following lemma, which describes how tropical 
morphisms in TiS(a;) can meet the line L. We still use Notation 13.131 Remember 
that any element of TiS(aj) satisfies the properties (1) — (7) of Proposition [5?2l 

Lemma 5.15 

Let h:C ^ X he an element ofTS{uj), and V be a vertex of C mapped to the line 
L. Then all possibilities of how h can look like in a neighborhood of V are depicted 
in Figure \JM 

Recall that C3 only consists of ends of C (Proposition 15.2^ 5)). and that any con- 
nected component of C2 contains exactly one end of C bv l5.2f 7). In cases a, b and c, 
the connected component of C2 containing V also just consists of one end. In case d, 
this component might contain other vertices than i.e. the part in a2 in picture d 
can continue and contain more vertices on i. In particular, (— a + fc, — q — Z,— a + fc) 
does not need to be the direction of an end of C. 

Proof: 

By property (6) in Proposition l5.21 every vertex Vi of C mapped into L has exactly 
one adjacent edge mapped in ai. We denote by (— a,, — a^, the direction of this 
edge (pointing towards L), with —ai < /3i. Then bv l5.2f 5) some ends of C adjacent 
to Vi are mapped to (T3, say ki ends with direction (—1,0,0) and li ends with 
direction (0, 1, 1) (pointing away from L). Finally, bv l5.2f 6) again, exactly one edge 
adjacent to Vi is mapped to (T2- By the balancing condition this edge has direction 
{—ai + ki, —ai — U, Pi — li) (pointing away from L). Since k^ + li = dvi = Pi + cti, 
we get -a^ + k^ = p^ - k. 

Let us consider one connected component of C2 , call it C and assume it meets L at 
the vertices Vi, . . . ,Vr. Note that the sum of the intersection multiplicities of C at 
the Vi equals the intersection multiplicity of the end of C with L. If the end of C 
is of direction (0, —1,0), then it intersects L with multiplicity 1, if it is of direction 
(1, —71, 1), then it intersects with multiplicity n+1. So wc have X)I=i C^i + ^i) equals 
1 in the first case, or 71 + 1 in the second case. 
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Figure 12. Four ways to hit L. 



First, let us consider the case when the end of C is of direction (0,-1,0). Since aU 
the ki and li are nonnegative numbers, and (fc^ + /i) > for each i, it fohows that 
r = 1 and C is in fact just an end, so (— ai + fci, — ai — li, —ai + ki) = (0, —1, 0). 
There are two possibihties how the vertex Vi can look like: Either fci = 1, then 
= 0, ai = 1 and /3i = 0; thus h is as depicted in Figure [T^ in a neighborhood 
of V . Or fci = 0, then li ~ 1, ai = 0, and /3i ~ 1; thus h is as depicted in Figure 
[T2b in a neighborhood of V . 

Now consider the case when the end of C is of direction (1, — n, 1). By the balancing 
condition, we then have {^{—ai + ki),^{—ai — a.; + ki)) = (1, —n, 1). 

Since we choose the configuration a; C cti very far down from L (Notation 15. 14[) . we 
may assume that the "slopes relative to L" of the edges of Ci meeting L, i.e. the 
values ~q'^^' , decrease from left to right. If we assume the vertices are ordered 
from left to right, i.e. Vi is the vertex most left on L, Vr the most right, then we 
have "a'"*"^' > "a^"*"^^ for i < j. If the relative slopes are not ordered like this for 

-I3i-ai — -Pj-otj ■> ^ 

two edges, then the infinite continuations of these two edges intersect, and change 
their order after intersecting. Since we assume that the points are so far down, we 
can assume that all these changes of orders happen before the edges meet L, and 
thus the slopes are ordered as above. An example is depicted in Figure [T31 where 



34 



ERWAN BRUGALLE AND HANNAH MARKWIG 



the slopes relative to L from the most left edge meeting L to the most right are 

1,1,0,-1,-1,-3,-3. 




Figure 13. The slopes relative to L from the left to the right are 
1,1,0,-1,-1,-3,-3. 

Note that since /3, + > 0, we have 

— < 1 Pi > 0, and — < -1 <F=^ < 0. 

-Pi - Oil ~Pi - ai 

In particular, if < (rcsp. > 0) for some i then also aj < (rcsp. > 0) 
for all j > i. 

Suppose that < 0. Denote by T the smallest subtree of C containing the end of 
C and all the vertices Vj, j > iq, where io is the smallest index such that a^,, < 0. 
Orient the edges in C such that they point towards the end of C (see Figure [8] 
where the subtree T is marked with thick edges). li T — C, then iq = 1 and all 
the —aj + kj, j = 1 . . .r, are positive. If T 7^ C, there are two-valent vertices of 
T, i.e. in C two of the adjacent edges belong to T and the third does not. Since 
the end of C belongs to T, the third edge then has to point toward the vertex. 
Thus, it needs to connect to some vertices Vj, j < io, behind, and since these 
vertices lie to the left of the Vj, j > i, it needs to have a positive x-coordinate 
(in the orientation as before). Hence any edge in T and any edge adjacent to T 
has a positive x-coordinate. Every edge of C is of direction X]me/(~'^'™ ^" 
some subset / C {1, . . . ,r}. Edges adjacent to T correspond to disjoint subsets of 
{1, . . . , io — 1} whose union equals {l,...,io — 1}. These edges thus hand us a way 
to group the summands of X]j=a i^^j + ^j) such a way that the sum of each 
group is positive, even though the single summands —aj + kj might be negative. 
The summands —aj + kj for j > i are positive, too. For example in Figure [S] we 
have (-as + k^) < 0, but (— ai + ki) + (-03 + fcs) > 0. 
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Thus we grouped the whole sum X]j=i(~o;i + ^j) ^^^'^ positive summands, and in 
total we get 1. Since by assumption we have — + k^. > 0, we deduce that r = 1, 
ai = —1, ki ~ and C is just a end, namely the end of direction (1, — n, 1). Thus 
—ai ^ h — — n, li = n + 1 and /3i = — ai + ki + li = n + 2. In Ci, we thus have 
an edge meeting L with direction (1, l,n + 2). It follows that h is as depicted in 
Figure [T^ in a neighborhood of V. 

From now on wc assume that ai > for all vertices Vi in C. The ordering of the 
slopes also shows us that for the left-most vertex, Vi, we must have — ai + ki = 
Pi — li > 0, since otherwise there would be no way to connect Vi to the end of C. 
Since Zi > it follows that /3i > 0, and so that /3i > for i = 1 . . . r. Consider 
the y-coordinate —a; — U of the edge of C adjacent to Vi. Since ai >{) and li>Q 
it is non-positive. The sum 'Y^^^ii—ai — U) equals — n. Since each summand is 
non-positive, we can conclude that each summand is bigger or equal to — n and 
thus also < < n. From the above, we know that ^(fc^ -\- li) = n -I- 1, so in 
particular each summand ki + li has to be smaller or equal to n + 1. Thus h is as 
depicted in Figure W^A in a neighborhood of V . □ 

Definition 5.16 

For an element h : C ^ X in TiS(a;), denote by C" C C the union of all connected 
components of C fl ((T2 U a^) containing a vertex of type d as in Lemma 15.151 Let 
h' : C ^ be the composition h' = ho tt, where tt denotes the projection to the 
first two coordinates of K^. The map h' is a tropical morphism, and we call it the 
roof ofh-.C^X. 

Note that it follows immediately from Lemma 15.151 that the roof of any element 
h : C ^ X in TS{uj) is in TS'{a — m, n, d, a, uj') (see Definition 14. ip for values to, 
71, d and a coming from a fan (5 h (5o fsee l2.8[) . and determined by hi : Ci ^ . 

Proof of Theorem 12. 9t 

As before (see Notation 12.81 and Section [5^ . let 

(5o = {(1, n)", (0, -1)-+", (-1, 0)", (0, 1)^, and 

A = {(1, -n, IT, (0, 1, (-1, 0, o)^ (0, -1, o)^ (o, o, -1)-^-+^)+^}. 

It follows from the Correspondence Theorem 15.131 that 

iV2x((5o) = TiVx(^) = ™x(^:^) 

where w C X is a configuration of points as before, i.e. in general position in ui 
and very far down from L (see Notation 15. 14p . Let h : C ^ X he \n TiS(w), i.e. a 
morphism to X contributing to TiV^(A, w). We first want to show how we can split 
the information of h into data as required by the right hand side of the equation. We 
keep using Notation l3.13l and l5.1l By abuse of notation, we often do not distinguish 
between the tropical morphism hi : Ci ^ to the plane and the restriction of 
/ii : Ci — > (Ti: if we speak about directions of edges, we use two coordinates x and 
z in both cases. In the first case, these denote the two coordinates of M^, in the 
second case, this is a shortcut for the direction {x, x, z) in ui. 

Lemma [5 . 1 51 tells us what Newton fan (5 of /ii : Ci — )■ M^, viewed as a plane curve 
by prolonging the edges that meet L, has: 
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• a{n + l) + b ends of direction (0,-1), since these are just the ends of C in 
CTi, 

• m < a ends of direction (1, n + 2) which become vertices as in Figure [T^t 
when meeting L, 

• A ends of direction (—1,0) which become vertices as in Figure [T2k when 
meeting L, 

• U ends of direction (0, 1), i? of them become vertices as in Figure [T2b when 
meeting L, U — B become vertices as in Figure [T^Ji. 

• ends of direction {—ai,/3i) satisfying n > a; > 0, < Pi and 1 < (3i if 
ai = which become vertices as in Figure [T2H . 

Hence /ii : Ci — !• has Newton fan 

S = {(1, n + 2)'", (0, (-1, 0)^, 

(-ai, . . . , i-ar, (0, . . . , (0, (0, 1)^} 

i.e. with 5 \- Sq. 

Wc must have A + B = b since this is the total number of ends with direction 
(0,-1,0) of h. Since the total number of ends of direction (0,1) in S is U, and 
since B of these become vertices as in Figure [T2b . we have U — B = U + A — b 
ends of direction (0, 1) that are adjacent to the roof C" of C. We clearly have 
x(C) = x(Ci) + x(C") — #Ci n C", so since any irreducible component of C is a 
tree we get 

xiCi) = x(C) - {a - m) + {r + s + U + A - b) = X - {a + b - m - r - s - A - U). 

By Lemma 15.151 the roof h' : C ^ M.^ oi h : C ^ X is an clement of the set 
TS'{a — 771, 77,, d, a, uj') (see Definition 14. ip with 

d =(/?!+ "1, ■•■ ,/3r + Q;r,/3r+i, • ■ • ,/3r+s, 1*^+^"^) and a = (ai, ...,ar) 

and where w' is determined by /ii : Ci — > and the choice oi B = b — A ends 
of Ci which become vertices as in Figure 112b when meeting L and accordingly are 
not part of the roof. We define 

Mfti = n 

yeVort„i{c) 

where fxy has been defined in Definition 15.121 So by definition we have 

r s 

fJ.h = ]^gcd(ai,/3i) • JJ/3r+i • fihifJ^h'- 

i=l i=l 

Conversely given a Newton fan 5 as above, we denote by T5"(a;) the set of all 
tropical morphisms /7i : Ci — > R^ with Newton fan i5, Euler characteristic x' = 
X — (a + 6 — 777 — ?' — s — j4 — J7), and passing through all points in w. According to 
the Correspondence Theorems in [Mik05| and [Shul2j (see also jGM07a| ). we have 

Til GTS" (tj) 

Now choose any clement hi : Ci ^ M? of TS"{Ld), and any set of 6 — yl ends of Ci 
with direction (0, 1). These b — A ends define a set TS'{a — m,n,d,a,u}'), and given 
any of its element h' : C ^ M.^, one can reconstruct a unique tropical morphism 
h : C ^ X in C{uj) reversing the construction above. □ 
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In the following, we demonstrate that one can, with a little more care, also use 
our methods to count irreducible curves. We generalize to any genus a formula 
previously proved by Abramovich and Bertram for rational curves (see [VakOO] ) . 

Given a tuple (/i, . . . ,lk) of positive integers, we denote by ti^^,,,^i^ the number of 
its symmetries, i.e. if (/i, . . . , /fc) contains exactly rii times the entry i then 

T-h,....h = W^n^l. 

i 

Proposition 5.17 

Let n,b, g > be integers, and 

5„,^, = {(l,n)^(0,-l)2"+^ (-1,0)2, (0,1)"}. 



Then 



^2(n + &) + 3\ (b + g-iy.-U!l^lf 



E 

li + ...+lg-f-i=g+l 



n 



^-EhJ {b-iy. 

{b + g)ll , 1 (h 



Proof: 

To prove this equation, we mainly apply the techniques used in the proof of Theorem 
12.91 taking into account irreducibility issues. 

First of all, it follows from the Correspondence Theorem 15.131 that Af2-2g('^n.fc) ~ 
T^i'Zg(A) where 

A = {(1, -n, 1)2, (0, 1, l)2"+^ (-1, 0, 0)2, (0, -1, 0)^ (0, 0, 

Just as in Notation l5.14[ we choose a generic configuration of 2(n + 6) + 3 + g points 
uj very far down in cti. As in the proof of Theorem l2.9[ for any element h : C X 
of (w), we have to understand the contributions of hi : Ci ^ and the roof 
h' : C . Let 5 be the Newton fan of hi. Since a = 2 in our case, there are 

not many possibilities for (5, the Newton fan of hi. 

6= {{l,n + 2)'», (0, -l)2("+i)+'>, 0)^, 

(-«i,/3i), . . . , (-a.,/3.), (0, /3.+i), . . . , (0,/3,+.), (0, 1)^} 

with m < 2 (recall that 6 h i5„^b, see Notation [ 



Let us assume first that m = 2. Recall that J\f{Q,n,d,a) ^ if and only if d = 
a = 0, in which case it is equal to 1. This implies that r = s = 0, which in its turn 
gives A = 2 and U = 6—2. Hence the contribution of all elements of TS"'^{uj) such 
that m = 2 is equal to Af2-2g ('^"+2,6-2)- 

Let us assume that m = 0. In this case, the Newton polygon of hi is the segment 
with endpoints (0, 0) and (0, 2n + 2 + 5). In particular the space of deformations of 
hi has dimension 2n + 2 + b < 2{n + b) + 3 + g, so hi{Ci) cannot pass through all 
points in to since this latter configuration is generic. 
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Hence we are left to study the case m = 1. Let us first assume A = I, which is 
equivalent to r = 0. So the roof h' looks like in Figure [71 Because of its Newton 
polygon (see Figure [Tik ) . the tropical morphism hi has one irreducible rational 
component ho Cq with Newton polygon depicted in Figure [Mb. and all the 

other irreducible components have the segment [0, 1] as Newton polygon, i.e. they 
are vertical lines of weight one. Since C is irreducible and of genus g, the roof of C 
has to connect g+l vertical ends of Co with all the other irreducible components of 
Ci. We depict, in a floor diagram style (see |BM08j . |BMa| ). in Figure [Hb how the 
morphism /ii : Ci — > looks like. The roof of C connects g + l vertical ends of Cq 



6-1 




2n + 2 + b n + 2 + c b + n n + l-J^^i 

a) b) c) 



Figure 14. The case m = A = 1. 



with weights li, . . . , Ig+i- Cq contains b — A ^ b — 1 ends of direction (0, 1) which 
become vertices of type b as in Figure [T^b- Therefore we have c = — 1 + ^ Z,;, and 
there are n + b — c = n+ l — irreducible components which are vertical lines. 
There are Q^_^^_^-^f.) distinct choices for the points of oj through which pass the 
vertical lines. The number of tropical morphisms ho : Co ^ passing through 
the remaining points times the number of ways to choose the ends li attached to 
the roof equals 

ib + g)l 

(&-l)!r,,,...,i,+,- 

In any case we have fif^ ~ Yi^i ^^'^ the roof h' contributes 1, so altogether the 
contribution of all tropical morphisms in T5"^' (cj) such that m = y4 = 1 is equal to 

9+1 



/2(n + 6) + 3\ (b + gy. '-^ ,^ 



h + ...+lg+i=g+l 



1-EhJ (6-l)!r,,,...,i, 



Finally, it remains to consider summands with m = 1 and A = 0, i.e. r ~ 1. 
We denote (— ai,/3i) = (— l,Zi — 1), so the roof h' looks like in Figure [TSl Since 
the end of C2 has direction (1, — n — 2), we have k — 2. Just as before the roof 
of C connects g vertical ends of Co with weights I2, ■ ■ ■ ,lg+i, and all the other 
irreducible components of Ci are just vertical lines of weight one. As before there 
are n + 1 — J^^i such components. There are {^^^^_!!-^f.) distinct choices for the 
points of uj through which pass the vertical lines. The number of tropical morphisms 
ho : Co ^ passing through the remaining points times the number of ways to 
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I do d.. 




d2 



Figure 15. The case 



1, A = 0. 



choose the ends k attached to the roof equals 

(6 + 5-1)! 



(&-l)!r,„...,,,+,- 

We have /i/i^ = Y[i=2 ^'^'^ M/i' = ('2)' altogether the contribution of all tropical 
morphisms in T5(w) such that m = 1 and ^ = is equal to 



E 

li + ...+lg+i=g+l 

This completes the proof 



'2{n + b) + 3\ (5 + .9-1)! '^^^ fh 



1-EhJ {b - i)ln,,...j,^, 



i=2 



□ 



Example 5.18 

In the case g = 0, Proposition 15 . 1 71 reduces to 

which has been first proved by Abramovich and Bertram (see |VakOOj ). 

6. Proofs of Correspondence theorems 

Here we prove Theorems 15 . 131 and 14.41 relating the enumeration of complex algebraic 
and tropical curves. Our proof is a mild adaptation of the proof of |Mik05[ Theorem 
1] in the framework of tropical morphisms and their approximation established 
in [BBMl Section 6]. We begin this section by recalling this latter framework. 
Then we reduce Theorems 15.131 and 14.41 to a Correspondence Theorem relating 
the enumeration of tropical curves in to the enumeration of complex curves in 
(C*)'^ with a fixed Newton fan 5 and having an ordinary multiple point of maximal 
multiplicity at a fixed point on a toric divisor of Tor(n5). We adapt techniques 
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from |Mik05| Section 8] to our situation, and are eventually left to solve some easy 
local enumerative problems. 

6.1. Phase-tropical geometry. Here we recall definitions and results from |BBM| 
Section 6] that we need later. We start to define the phase of a point, and of a 
tropical morphism. Roughly speaking, the phase of a tropical variety K is a choice, 
in a compatible way, of an algebraic variety 3^p of dimension dim Y for each point 

The notion of a phase-tropical limit is based on the degeneration of the standard 
complex structure on (C*)" via the following sclf-difFcomorphism of (C*)": 

Ht : (C*)" — > (C*)" 

(z,) ^ ' 
We also define the two following maps: 

Log: (C*)" — > M" Arg: (C*)" — > (S*!)" 

(z^) I — > (log(|zi|)) iz^) I — > (arg(z,)) 

As usual, all definitions are particularly easy in the case of points. 

Definition 6.1 ( |BBM[ Definitions 6.1 and 6.4]) 

Let p e M" be a point. A phase of p is the choice of a point (j){p) e (S"^)". 

Let (pt ) be a sequence of points in (C*)" such that lim Ht ipt ) exists as a point 

in (C*)". The phase-tropical limit of the sequence {ptj) is defined as the point 
p = Log( lim _fff . (pt )) enhanced with the phase Arg ( lim Ht {pt ))- 



Next, we define phase-tropical morphisms and the phase-tropical limit of a sequence 
of algebraic maps from Ricmann surfaces. A pluriharmonic map <i> : 5 — {S^)^ is a 
map from a punctured Ricmann surface S which is the composition of an algebraic 
map $0:5"^ (C*)" with the map Arg : (C*)" ^ (S"!)". Such an algebraic 
map $0 is called an algebraic lift of (f>. Clearly, two algebraic lifts of $ differ by a 
multiplicative translation in (C*)" by a vector in (R>o)". 

Given a pluriharmonic map $ : 5 — > (5^)" we can naturally associate a map 
<i>'^ : S"^ — )• (S"^)" for each of the punctures e of S. Let us denote by S the compact 
Riemann surface obtained from S by performing a real blow-up at each puncture 
of S. That is to say we replace each puncture £ of S* with a boundary circle b^ of 
length 27r, oriented as a boundary component of S", the metric on b^ being given by 
the conformal structure of S at e. (see jMOOTl Section 6.2] or |BBM1 Section 6.1]). 
The map $^ : &e — >■ (S^)'^ is defined as the limit of the map $|j where I is a small 
loop around e converging to e. 

The map $ is proper at e if and only if $ cannot be extended at £ to a pluriharmonic 
map, i.e. an algebraic lift of $ does not send any neighborhood of e into a compact 
subset of (C*)". In this case the map is a covering of some degree w > 1 of 
a geodesic on the flat torus (^i)" = (M/27r)" (see jMOO?) Section 6.2] or jBBM) 
Section 6.1]). Hence it is a dilation of factor w if 3>'^(&e) is equipped with the metric, 
of total length 2tt, induced by the natural flat metric on (M/27r)". 
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If $ is not proper in a neighborhood of a puncture e, then it has a removable 
singularity, and maps the whole circle to a point. 

Recall that a stable Riemann surface S is a, maybe reducible, nodal complex al- 
gebraic curve such that any of its irreducible component is a punctured Riemann 
surface; the total number of nodes and punctures on a component Sq of S is at least 
3 if 5*0 is rational, and at least 1 if 5*0 is elliptic. If I is the graph of intersection 
of the irreducible components of S (i.e. the dual graph), the genus of S is equal 
to bi{X) + J2so 9i'^o)- We denote by S° the Riemann surface obtained from S by 
removing all nodes. 

In the following definition, we identify the group Hi{{S^)^ ,Z) with Z" via the map 
Arg (recall that since C* is canonically oriented, the group i?i(C*, Z) is canonically 
identified with Z, and therefore 7?i((C*)",Z) is canonically identified with Z"). 

Finally, we say that a tropical morphism : C — > M" is minimal if v(V, e) ^ for 
any edge e of C (see Definition 13. 4p . The next definition only deals with minimal 
tropical morphisms. For a definition in a more general situation wc refer to the 
forthcoming paper |Mik| . 

Definition 6.2 ( jBBMi Definition 6.5]) 

Let /i : C — > R" be a minimal tropical morphism. A phase (f> of h consists of the 
following the data 

• for each vertex V € Vert°(C), a proper pluriharmonic map 

$y : -> (S-l)" 

where Sy is a stable Riemann surface of genus gv with k punctures, 
equipped with a one-to-one correspondence e O e between the punctures 
of Sv and the edges of C adjacent to V, such that for each edge e, the 
homology class [$y(6e)] G i/i((5i)",Z) = Z" satisfies 

• for each edge e S Edge°(C) adjacent to V,V' £ Vert°(C), an orientation- 
reversing isometry 

Pe ■■ hi ^ bX (2) 

between the two boundary circles of the punctures corresponding to e, such 
that = ope; 

• for each vertex V G Vert°(C) and each node k of Sy^ an orientation- 
reversing isometry 

p„ : 6e' -> be" (3) 
where e' and e" are the two punctures of Sy corresponding to the node k. 

Note that in this latter case, both boundary circles 6^' and b^" are mapped to the 
same point in (S*^)", in particular one has $y = <I>y o p^. We denote by (/i, 0) a 
phase-tropical morphism, i.e. a tropical morphism h equipped with a phase (j). 

Remark 6.3 

There exist slight formal differences between Definition 16.21 and }BBM| Definition 
6.5]. However these differences only come from minor differences in the presentation 
we chose in this paper compared to the one chosen in [BBMj . In this latter tropical 
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curves are not allowed to contain degenerate edges, and pluriliarmonic maps 
might be non-proper (in the language of |BBM| $y might have essential boundary 
circles). In the present paper, essential boundary circles are replaced by degenerate 
edges, and the maps <i?y are now required to be proper. 

By definition, a pluriharmonic map is associated to each vertex V of a. phase- 
tropical morphism [h : C ^ K",(/)). If Sv is smooth then we set Sy = Sy, 
and — ^v- If Sy is nodal, then we denote by Sy the topological oriented 
surface obtained by replacing each node k with the corresponding boundary circle, 
i.e. either side of the isometry ([3]). By construction we have a natural continuous 
map 5*^ — ^ Sy contracting each boundary circle to the corresponding node of 
Sy. Furthermore the pluriharmonic map $v naturally induces a continuous map 
^y.Sy^ (^1)". 

If Wc is a degenerate component of C, we denote by Swa the topological oriented 
surface obtained by gluing all surfaces Sy, with V ranging over all vertices of Wc, 
along all boundary circles corresponding to edges of Wc using isometrics ([2]). We 
define Swa as the surface Swa with these boundary circles removed. By construction 
the surface Sw^ is the disjoint union of the surfaces Sy over all vertices V of Wc- 
Furthermore all pluriharmonic maps <I>y with V a vertex of Wc naturally induce a 
continuous map <^Wa '■ ~^ (S'^)". 

For each non-degenerate edge e of C adjacent to V, we write v{e, V) — {vi, . . . , Vn), 
and wc associate to e the Ricmann surface Se = C* and the pluriharmonic map 

An algebraic lift of <I>e is given by the map z (z^S ■ • ■ j-^""), which might be 
thought as the complexification of the map $y : — ?> (S"^)": since bY (resp. each 
coordinate circle of (5*^)") is oriented, the tangent space of (resp. (S*^)") can 
naturally be identify with C* (resp. (C*)"). Note that $e(C*) = «'y(6^). 

A connected open subset of C is said to be admissible if any degenerate component 
of C is cither disjoint or contained in W, and if W contains two vertices of C 
then these two vertices belong to the same degenerate component. In particular W 
contains at most one degenerate component, and if not, at most one vertex. Given 
W such an admissible connected open subset of C, we denote by Sw = Sw = Sy 
and = if V is the unique vertex of C in W, by Sw = Sw = Se and 
= <&e if is contained in the non-degenerate edge e of C, and by Sw — Swa j 
Sw = Sy, and ^w = ^Wa if ^ contains the degenerate component Wc- 

Let h : C M" be a minimal tropical morphism. A convex open subset U C M" 
is called h- admissible if h[C) H C/ is connected, if U contains at most one point p 
such that h~^{p) contains a vertex of C, and if no vertex of C is mapped to the 
boundary of U . 

Finally, we call a positive multiplication in (C*)" a map of the form t(zi, . . . , z„) = 
(aizi, . . . , a„z„) with ai, . . . , a„ > 0. In next definition we use the standard flat 
metric on (S*^)". 
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Definition 6.4 ( |BBM| Definition 6.5]) 

Let ftj '■ Stj — >■ (C*)" be a sequence of algebraic maps from punctured Riemann 
surfaces 5*4^. , with tj — >■ +oo when j — > +oo. We say that a phase-tropical morphism 
(h : C ^ R",0) is the phase-tropical limit of ft if for any choice of /i-admissible 
open set U C M" and all sufficiently large tj there is a 1-1 correspondence between 
connected components Wt^ of /("^(Log^^ (J7)) and connected components W of 
h~^{U) with the following properties of the corresponding components. 

• There exists an open embedding SjJ : Wt^ Sw and, for any connected 

component S of Sw, an algebraic lift ■ S — )■ (C*)" of ^w\s and a 
sequence (rt^. ) of positive translations in (C*)" such that for any z e S* 

lim r,,o/,^o(SfJ)-i(z) = vI.^(z). 

In particular, we require that z £ SjJ(VFt^) for large tj. 

• For any edge e connecting vertices V and V , any point z G 6^, any 77 > 
and a sufficiently large tj there exist 

(1) a point G Sy and a point z^ € Sv', 

(2) a path 7,, C S^y connecting z^ and z and a path 7^ C S^y connecting 
z^ and z' = Pe(z) (see Equation ([2|) in Definition I6.2p such that the 
diameter of $y (7^) C (S*^)" and that of ^v' (7,',) C (S*^)" are less than 

m 

(3) a path 74^. C 5**^. connecting (S(^)~-^(z^) and (S(^.)~-^(z^) such that the 
diameter of Arg(/t^ (7(^.)) C (5^)" is less than -q. 

It follows from Definition 16.41 that if (/i : C — ^^,(f)) is the phase-tropical limit 
of ftj : Stj — >• (C*)" , then h{C) is the limit, in the Hausdorff metric on compact 
sets of M", of Log^, {ft-{Stj)). In the case of curves mapped to (C*)^, each curve 
ftj ('S'tj ) has a polynomial equation Pt- (x, y) = 0, and the equation of the tropical 
limit h{C) C can be deduced from the sequence of polynomials Pt-{x,y). 

Proposition 6.5 f [Mik04bl Theorem 6.4]) 

Let Pt - (a;, y) = ^ aij^tjX^y'' be a sequence of complex polynomials, such that one 
of the sequence ciig,jo,tj is the constant sequence equal to 1, and the absolute value 
of any coefficients OLij^tj satisfies \ai^j^tj \ = Oj^+oo(l)- Suppose in addition that 
ljOgf.^{{Ptj{x,y) = 0}) converges, in the Hausdorff metric on compact sets o/R^, 
to a tropical curve C C . Then C is given by the tropical polynomial 

where A^j = inf{A | aij^t, = Oj^+oo(tj)}- 
Example 6.6 

We consider the following family of algebraic maps 

ft: C*\{l,t^} ^ (C*)2 

^ ' ^ (t^' (t-l)2-i) 

The image of the map ft is given by the polynomial Pt(x, y) = 1 + a; + y + t^'^xy in 
(C*)^, so it converges to the embedded tropical curve C" given by the polynomial 
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"0 + a; + y + {—l)xy". This tropical curve has two vertices (0,0) and (1, 1), one 
bounded edge of direction (1, 1), and four ends of direction (—1,0), (0, —1), (1,0), 
and (0, 1) (sec Figure [TS]) . Now one computes easily that the family (ft) converges 
tropically to the phase-tropical morphism {h : C ^ M."^ , (p) where 




Figure 16. A tropical limit. 



• his the unique parameterization of C" from a rational tropical curve C with 
four ends and with all weights equal to 1; 

• if Vq is the vertex of C mapped to (0,0), then Svq is the curve in (C*)^ 
given by the equation 1 + x + y = P^oo{x, y) and $vb is the restriction of 
the argument map to Sva ! 

• if Vi is the vertex of C mapped to (1, 1), then Svi is the curve in (C*)^ 
given by the equation x + y + xy = limt_^+oo jPt{tx,ty) and $Vi is the 
restriction of the argument map to Svi ■ 

Note that there is a unique possibility for the map pe corresponding to the bounded 
edge e of C. 

Example 6.7 

Proposition 16.51 implies that a phase tropical morphism {h,(f)) which is the phase- 
tropical limit of a sequence of algebraic maps ft^ : St^ — > (C*)" with a fixed Newton 
fan 6 might have a Newton fan different from S. For example, the the image of map 
ft{z) ~ (— 1 — e^*z, z) in (C*)^ satisfies the equation l+x+e^*y ~ 0, and the family 
(ft) has a tropical limit with Newton polygon the segment [(0, 0), (1, 0)] C M^. 

We define the Euler characteristic of a phase-tropical morphism {h, C — > M", 0) by 

Xih) = J2 ^(^v-). 

yevcrt"(c) 

In particular one has 2x|;j.Qp(C) < xW + #Edge°°(C), with equality if and only 
if all surfaces Sy are smooth. The next lemma is an immediate consequences of 
Definition 16.41 

Lemma 6.8 

Let ft- : Stj — > (C*)" be a sequence of non- constant algebraic maps which converges, 
as a tropical limit, to a phase-tropical morphism [h : C ^ R",0). Suppose that the 
Riemann surfaces St^ are connected and of constant Euler characteristic x for tj 
large enough. Then x(/i) > x> '^rid if equality holds then C is connected. 

The following compactness result is fundamental for proving Correspondence The- 
orems in the phase-tropical framework. 
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Proposition 6.9 ( |BBM| Proposition 6.8]) 

Let ft : St ^ (C*)" be a family of algebraic maps with a fixed genus and Newton 
fan, defined for all sufficiently large positive parameter t » I. Then there exists 
a phase-tropical morphism (/, (j)) and a sequence tj — > +oo such that ft^ converges 
to {f,(t>) in the sense of Definition \6.4\ 

Now we prove tliat the tropical limit of a sequence of algebraic maps to the surface 
X in (C*)'^ with equation a; + y + z = Oisa tropical morphism to X in the sense 
of Definition [2311 It is well known that X is the limit, for the Hausdorff metric on 
compact sets of M", of Logj(A') when t — > +oo (see for example |Mik04aj ) . Note 
that X is invariant under any multiplicative translation by an element of (C*)" of 
the form (A, . . . , A). 

The next proposition is a particular case of a result proved by Mikhalkin and the 
first author in the forthcoming paper |BMb| . Since the latter is not available yet, 
we provide a proof for the sake of completeness. 

We use the following notation in the proof of Proposition 16.101 Let us consider a 
sequence of algebraic maps fj : Sj — >■ (C*)"^ from a family of punctured Riemann 
surfaces such that the sequence of compactified maps fj : Sj — CP"^ converges 
to some map f^ : Soo ^ CP^. Note that the Riemann surface Soo might be 
reducible, and some of its connected components might be mapped to the toric 
boundary divisors of CP^. We denote by foo ■ Soo (C*)^ the restriction of f^ 
to (C*)'^. We emphasize that the Riemann surface 6*00 might be disconnected. 

Proposition 6.10 f |BMbj ) 

Let ft^ : Stj — > (C*)'^ be a sequence of algebraic maps which converges, as a tropical 
limit, to a phase-tropical morphism [h : C — > R"^,0). Suppose in addition that 
ftj{Stj) C X for tj large enough. Then h is a tropical morphism to X. 

Proof: 

Since hiC) and X are respectively the limit, in the Hausdorff metric on compact 
sets of M?, of Logj^ {ft^ {St^ )) and Log^^. {X), we have h{C) C X. 

Let V he a. vertex of C. If t = (rt . ) is a sequence of positive translation in (C*)"^ we 
denote by fl^ the sequence of maps Tt- oft. . By DcfInition l6.4l there exists a sequence 
Tt.{x,y,z) = {atj^ix,atj,2y,citj,3z) of positive translations in (C*)"^ for which there 
exists a connected Riemann surface Sy C 6*00 such that \Sv ' ^'^ (C*)" is an 
algebraic hft of the phase $y : Sy — > (S^)^ of /i : C — > at the vertex V. Note 
that limLogt^ (at^,i, at^, 2, atj, 3) = h(V)- 

There are only three possibilities, up to a positive translation, for the limit X^ of 
Tt- (X): it has equation either x + z = 0, x + y = 0, y + z = 0, ora; + ?/ + z = 
0. Moreover this latter arises if and only if f{V) = {u,u,u) and the sequence 
{t~'^at-,i,tj^atj,2,t~'^atj,3) is contained in a compact set of (C*)^. Moreover, since 
ftj{Stj) C X for all tj large enough, we have \Sv^^^^ ^ "^oo' particular 
this implies that /i : C — > X is a tropical premorphism, i.e. h satisfies the second 
condition of Definition 13.81 

Let y be a vertex of C with dy > 0. In particular, h{V) = (u, u, u) with u G M and 
the corresponding sequence (tj^'at^ ,i,tj'^ at^ ,2,t~" at^ ,3) is contained in a compact 
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set of (C*)^. After composing the map ft^ with the muhiphcative translation 
by {tJ^atj.iitJ^o,tj,2,tJ^CLt.j,3), and the map h with the additive translation by 
(— u, . . . , —u), we may suppose that u = and (0*^,1, atj,2, o-tj.a) ~ (1, 1, !)• From 
what we said above, there exists an algebraic lift ]^ ■ (C*)" of the phase 

$y : 5v -> (S^ f such that foo{Sv) C X. 

Let us consider the plane V ~ (C*)^ C (C*)'^ with equation z ~ 1. Then the 
curve Sq ~ V n X is the Riemann sphere punctured in three points, and the map 
(a;, Ui z) I— >■ ((-,-, 1), z) provides an algebraic isomorphism between X and Sq x<C* . 
The restriction on foo(Sv) of the projection to the first factor X ^ Sq gives a 
holomorphic map tt : Sy — ^ 'S'o, which can be extended to all punctures of Sy 
corresponding to an edge of C entirely mapped to L. In this way we obtain a 
proper holomorphic map tt : Sy — > •S'o, which has degree dy by [ST08[ Theorem 
1.1]. Smoothing nodes of Sy if there are any, we may even further suppose that 
Sy is a non-singular Riemann surface of genus gv with ky punctures, where ky is 
the number of edges adjacent to V which are not entirely mapped to L. Hence it 
follows from the Riemann- Hur wit z formula that 

x{Sv) = dvxiSo) - i 

where i > is the sum of ramification indices of tt over all points of Sy- Since we 
have = 2 — 2gy — ky and xi^o) = —1, we obtain 

ky -dy -2 + 2gy > 0. 

which means exactly that / is a tropical morphism to X. □ 

6.2. The proof of Theorem 15.131 Let us first recast notations from previous 
sections. We denote by X (resp. X) the tropical hypersurface in (resp. in (C*)^) 
defined by the tropical polynomial "x-l-y-l-z" (resp. the equation x+y+z = 0). The 
tropical surface X is made of three half-planes cri ~ {x ~ y > z}, (72 ~ {x ~ z > y} 
and as = {y = z > x} meeting along the line L = R(l, 1, 1). We have fixed the 
following Newton fan 

A = {(1, -n, ly, (0, 1, (-1, 0, 0)", (0, -1, 0)^ (0, 0, 

as well as an integer x £ ^ ^-nd a generic configuration lu of 7^A2 + t^As — x points 
in (Ti U (72 , where A^ C A consists of elements of A contained in ai . 

Let us fix the following two additional Newton fans 

= {(1, -7^)^ (0, (-1, o)^ (o, -i)^}, 

and 

4 = {{-n, l)^ (1, 1^+", (-1, o)^ (0, 

Note that Sz is the image of So (see Theorem 15. 13p under the map (x, y) i-> (.t, — y), 
in particular N2^{So) = N2^{Sz). We define the projections 

TTz : (C*)3 — y (C*)2 TT^ : (C*)^ — > (C*)^ 

{x,y,z) I — > {x,y) {x,y,z) i — > {y,z) 

Note that 5^ = Trz{A), Sx — 7ra;(A), and = #A2 + #A3. Furthermore, we 
choose a configuration oj^ of #(Sz — X points in X. We denote by S{A,uj^) the 
set of all irreducible algebraic curves in X of Euler characteristic 2% — #A, with 
Newton fan A, and passing through ui"^. We define N^{/S.) = ^S{A,uj'^). 
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The strategy to prove the Correspondence Theorem is as follows: we first "put the 
algebraic enumerative problem into three-space", i.e. we prove in Lemma 16.111 that 
iV*^'^(A) = A^|7(^^). Note that this implies in particular that Af^^''(A) docs not 
depend on w. As usual, we have to prove two statements for a Correspondence 
Theorem: first we have to show that the algebraic curves considered in our enu- 
merative problem (i.e. now the curves in iS(A, oj"')) degenerate to the curves in the 
tropical enumerative problem, i.e. to elements in TiS(a;). Second, we have to show 
that the number of algebraic curves degenerating to a fixed tropical curve equals 
the tropical multiplicity. The first part is Lemma 16.121 For the second part, we use 
the projection tt^. to "put the algebraic enumerative problem back into the plane" , 
but differently. Our intention to use this different projections is that then we are 
able to apply known techniques for Correspondence Theorems for plane curves. 

Contrary to the situation where wc project with tt^ however, we do not obtain an 
enumerative problem that involves only simple point conditions. Instead, we obtain 
curves with a multiple point (see Lemma I6.14p . Wc then relate this new plane 
algebraic enumerative problem to our tropical curves in X and their projections 
by TTa;. Compared to the existing Correspondence Theorems for plane curves, our 
situation differs since we have vertices to which several edges of the same direction 
are adjacent (the projections of vertices in L). We compute the number of algebraic 
preimages for these vertices locally in Lemma 16.161 

Lemma 6.11 

For a generic configuration of points uj^ , the set iS2x(^j'^'') finite and 

7V-'-(A)=7V-'-(^,). 

Proof: 

There clearly exists a bijection between curves in iS(A, ui'^) and irreducible complex 
algebraic curves in (C*)^ of Euler characteristic 2x — #<52, with Newton fan Sz = 
TTz{A), and passing through TTziuj""). □ 

Recall that we chose a tropically generic configuration uj of =ffSz — x points in 
(Ti Ucr2 G X. By Proposition 15 . 21 this implies in particular that for any point p £ uj 
and any morphism h : C X in TS{uj) there exists a unique edge Cp of C such that 
p G h{ep). Let us equip w with a phase structure t/)^ in Aig{X), i.e. we equip each 
point p in CO with a phase (^p G Arg{X). Let us choose an approximation {ojf)t>o 
of (w, <^Lj) by generic configurations in X. That is to say for each i > 0, we choose 
a point pt £ X for each p G oj in such a way that the configuration cjf formed by 
those points is generic, and that (p, (j)p) is the tropical limit of (pt). 

Proposition 6.12 

Let {h,(f>) be an accumulation point of the sequence of sets S{A,ujf'), in the sense 
of a tropical limit. Then h is an element of TS{lu). Moreover for any p £ lj, one 

has (f)p 6 ^epiSep)- 

Proof: 

Let {h : C ^ M.^ , 4>) he such an accumulation point. Since ft{St) C X for any 
element ft St X of iS(A,a;f), it follows from Proposition 16.101 that h is a 
tropical morphism to X . Since in addition ojf C ft{St), wc clearly have uj C h{C) 
and 0p G $ep(5'ej. 
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Next we show that the Newton fan of h is equal to A. Let us first look at 
the projection to the (cc, y)-coordinates. According to Lemma 16.111 each curve 
T^z{ftj{S)) C (C*)^ is given by an equation Pt-{x,y) = 0. Moreover, up to rescal- 
ing the coefficients of Pt , we may suppose that the biggest absolute value of 
the coefficients of Pt^ is equal to one. We denote by \6z\ the linear system on 
Tor(n5_) = E„ defined by the fan dz- It is naturally a projective space of dimen- 
sion N ~ Z'^ D Us, — 1. Wc denote by Vs^.2x the closure in CP^ of the set of all 
nodal complex irreducible algebraic curves in (C*)^ with Newton fan S^, and whose 
normalization has Euler characteristic 2%. 

Passing through a point in (C*)^ imposes a linear condition on curves in \Sz\. 
Hence curves in \Sz\ which pass through all points in form a linear subspace 
Ltj C \5z\. By construction all points wf. have a tropical limit in (C*)^, so the 
coefficients of the equations defining Lj^. may also be chosen to have a tropical limit 
in C*, i.e. they are all equivalent to some function ctj. For each tj, elements of 
S{Sz,ujf'.) correspond precisely to intersections of Vs^,2x with the linear space Ltj. 
Since equations defining Vs^,2x do not depend on t, it follows from the analytic 
dependency of the root of a polynomial with respect to its coefficients that all 
coefficients of Pt also have a tropical limit in C* . Hence according to Lemma 16.51 
the tropical curve limLog^^ ({Pt^ = 0}) has Newton polygon H^^. 

It follows from what we just proved that the Newton fan of C has less elements 
than A, since C might have ends of weight at least 2. Wc also have x(C') < 2% 
according to Lemma 16.81 Since lo is generic, it follows from Proposition 15.21 that 
x(C) — 2x, and that the Newton fan of C has as many elements than A, and so is 
equal to A. □ 

The projection tt^ relates the number iVj" (A) to another enumerative invariant of 
some toric surface. This relation will allow us to relate the multiplicity of a tropical 
curve in TiS(ci;) to an actual number of complex curves in iS(A, w"'). Together with 
Lemma l6 . 1 II this will imply Thcorem l5.13l Let us denote by L the compactification 
in Tor(H5^) of the line in (C*)^ defined by the equation y + z = 0, and let us denote 
by £ the toric divisor of Tor(H5^) corresponding to the elements (1, 1) of S^- Let us 
denote by S{Sx,0J^) the set of all irreducible algebraic curves in (C*)^ with Newton 
fan Sx, of Euler characteristic 2% — #<5a;, passing through all points in tTx{uj^), and 
whose closure in Tor(H5^) has an ordinary multiple point of multiplicity an + 5 at 
the point LD £. 

Lemma 6.13 

If is generic, then the set S{5xtU)'^) is finite. Moreover if S ^ SISxtUj"") and 

D is a branch of S such that the closure of D in Tor{Ils^ ) intersects L, then this 
intersection is transverse. 

Proof: 

We define N = # (Ug^ nZ^) — 1. The space Vs^,2x of irreducible curves in (C*)^ 
with Newton fan 6x and Euler characteristic 2x — ffSx has dimension ff^Sx — X 
and is naturally a quasiprojective variety in the linear system iH^^j = CP^ on 
Tor(H5^). Passing through a generic configuration of points uj'^ imposes ^f^^z — X 
linearly independent conditions on curves in jH^^ | , and having a point of multiplicity 
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an + b at h n £ imposes an + b extra linearly independent conditions. Hence the 
set S{Sx,uj^) is the intersection of Vs-^,2x with a linear space of complementary 
codimension. For such a generic linear space, the intersection will be finite and 
transverse. So for a generic configuration uj'^, the set S{Sx,u>'^) is finite, and any 
of its elements cannot satisfy any further independent condition, like for example 
having L as a tangent. □ 



Lemma 6.14 

// u!^ is generic, then the projection tTx establishes a bisection between the sets 
S{A,uj^) andS{Sx,uj^). 

Proof: 

The surface X is the image of the map 

l: (C*)2\L (C*)3 

(y,z) I — > {-y-z,y,z) 

In particular, any irreducible curve S in (C*)^ intersecting L in finitely many points 
has a birational lift l{S \ L) in X. Suppose now that S has Newton fan 6x- Then 
a puncture p of 5 corresponding to a vector (1,1) of its Newton fan will be a 
puncture of i[S \ L) C (C*)'^ corresponding to a vector (1 — 1, 1, 1) where I is the 
order of contact of the closure of S and L at the point L n £ in Tor(n5^). Hence 
if u'^ is generic, it follows from Lemma [6. 131 that l{S \ L) G iS(A, ui^) if and only if 
S S[8x,uj'^). ' □ 



Hence it remains to compute, given an element h G TiS(w), how many elements 
of iS(A,a;f) have their amoeba Log((/t(S't)) contained in a small neighborhood of 
h{C). To do so, we work with the projection tt^^ in order to apply results from 
[Mik051 Section 8.2]. In this latter paper, everything is stated in terms of curves 
in (C*)^ given by an equation. However, the generalization to maps from abstract 
curves to (C*)^ is straightforward. 

Given a tropical morphism h : C M^, we denote by w^e) the weight of the edge 
e of C for h (see Definition 13. 4p . 

Proposition 6.15 

Let h : C X be a tropical morphism in TiS(aj) equipped with a phase (j) such that 
(j)p G $ep(5ep) /or all points p in uj. Then there exists a sequence tj — > +oo such 
that exactly 

n ^(^p) 

elements of S{A,ujf,) converge tropically to {h,(j)). 
Proof: 

The tropical morphism h composed with the projection ttx induces a tropical mor- 
phism h : C — ?• R^, where C is obtained from C by contracting all ends e with 
v{e) = (—1,0,0) (i.e. C is an open tropical modification of C, see [BBM| Section 
2.1]). Moreover, the weight of an edge of C is the same as the weight of the cor- 
responding edge of C. Hence according to Lemma [6.141 it is equivalent to prove 
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that there exist a sequence tj — >■ +00 such that exactly JlpSTr (w) ^(^p) elements of 
S{Sx,iof'.) converge tropically to (/i, 7r^(0)). 

The proof of this latter statement follows exactly along the lines of jMik05| Section 
8.2]. The only point to check is that the tropical morphism /i : C ^ is regular 
in the sense of |Mik05[ Definition 2.22]. Let h: C be the tropical morphism 

to such that h{C) = h{C) (set theoretically), where C is obtained from C by 
identifying all ends of C mapped to Trx{L) and adjacent to a common vertex of C. 
Clearly, the morphism /i : C — ?> uniquely determines /i : C — R^, and their 
spaces of deformation are canonically isomorphic. 

It follows from Proposition 15 .21 that the tropical curve C is 3-valent and h is an im- 
mersion, so by jMikOSj Proposition 2.23], the dimension of the space of deformations 
of h is equal to 

Edge°°(C) + g{C) - 1 = Edgc°°(C) + g(C) - 1 - ^ (val(F) - 3). 

V<£Vci-t°(C) 

Thus h is regular, and all proofs in |Mik05| Section 8.2] apply literally. The fact that 
we require the complex morphisms to pass through a (unique) point an + b times 
instead of requiring to pass through an + b distinct points in general position does 
not make any difference since these conditions provides independent equations. □ 

Now we have to compute, given a tropical morphism / : C — >■ M^, the number of 
phases (j) we can endow / with, such that 4>p £ $e [Se ) for all points p in to. Again, 
this can be done by a straightforward adaptation of |Mik051 Section 8.2]. There is 
only one local computation needed here which is not covered by jMik05| , and that 
we perform now. 

We first fix some notation. Let Tq be the triangle with vertices (0,0), (^i,0), and 
{wl2,wl^) where h^hih and w are four positive integers such that gcd(Z2,'3) = 1. 
We denote by £1 (resp. £2 and £3) the toric divisor of Tor(To) corresponding to 
[(0, 0); (/i, 0)] (resp. [(0, 0); (^^2, wZa)] and [(/i, 0); (wZ2, wZs)]). Finally we choose a 
point pi on £1 \ {£2 U 1S3), and a point p2 on £2 \ {£1 U £3). 

Note that the restriction to the case of Tq in the following lemma does not cause 
any loss of generality. Indeed let T be a triangle with vertices in 1? , and choose any 
two points qi and 52 on two different toric divisors of Tor(T) such that neither qi or 
(72 is the intersection point of two toric divisors. Then there exists a unique choice 
of li, I2, I3 and w and a unique toric isomorphism Tor(r) Tor(ro) mapping qi 
to pi and 52 to p2, and sending the linear system defined by T on Tor(T) to the 
linear system defined by Tq on Tor(ro)- 

Lemma 6.16 

With the above notation, up to re-parameterization of CP^ , there exist exactly 
wi^h) o,^g^braic maps f : CP^ Tor(T) such that 

• f~^{£i) = f^^ipi) o,nd consists of h distinct points on CP^ ; 

• f^^{£2) = f ^^{P2) o,nd consists of a single point; 

• f~^{£3) consists of a single point. 
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Proof: 

Since gcd(/2,'3) = 1 there exist two integers u and v such that VI2 — ul^ = 1. We 
fix on (C*)^ the unique choice of coordinates {x,y) such that pi = ip{p2) = (1,0) 
where ip is the automorphism of (C*)^ given by ^{x,y) = (a;'^?/'^, a;"?/"). We also 
choose a coordinate system on CP^ such that f^^{p2) ~ {0}. /^^{Es) ~ {00}, and 
/(I) -Pi. 

Hence all curves we are counting may be parameterized by a map of the form 
/: C*\{1}\{^ I Q2W = 0} (C*)2 

where Q2{z) is a complex polynomial of degree /i — 1. From the conditions imposed 
on /, the roots of Q2 must be a subset of ?i — 1 elements of the set of all (u;^3)-th 
roots of unity distinct from 1. Hence we have ('^'^_~^^) distinct possibilities for the 
roots of Q2, and any such choice determines Q2 up to a multiplicative constant. 
The equation that this constant satisfies is given by the condition /(O) = p2- Since 
we have tjj o f[z) = ((z — 1)^^ Q2{z)''^ , {z — 1)"Q2(^)") this condition translates 
to (— l)'^Q(O)'^ = 1- Hence there exists exactly ^3 distinct polynomials Q2{z) once 
the set of its roots is chosen. 

In conclusion there exist exactly Z3 admissible functions / with the chosen 

coordinates system on CP^. Since there exist li possibilities to choose a point q in 
f~^{pi) in order to fix the coordinate system on CP^, the number of maps / up to 
re-parameterization of CP^ is |f = ^ i^l^) ■ □ 

In the next proposition we apply this computation to vertices of the tropical curve 
mapped to L. After the projection with tt^, these vertices are adjacent to I edges 
of the same direction, corresponding to the li preimages of pi here. From this 
computation, we obtain the binomial coefficients C^'j^') that appear in the definition 
of tropical multiplicity of a vertex mapped to L. 

Proposition 6.17 

Let h : C ^ X be a tropical morphism in ¥5(0;). Then there exist exactly 

possibilities to choose a phase (j) for h such that (f)p G $£^(5*6^) for all points p in lo. 
Proof: 

As in the proof of Proposition 16.151 we can equivalently compute how many pos- 
sibilities there are to phase /i : C — ?► in a coherent way with 7ra;((/)^). Again we 
follow the lines of [Mik05| . As in |Mik051 Lemma 4.20], any connected component 
of C \ P is a tree containing exactly one end not mapped to i, otherwise the set 
TiS(aj) would not be finite. Hence we may reconstruct all possible phases step by 
step as in |Mik05[ Section 8.2], each step consisting of solving a simple enumerative 
problem in a toric surface. The only local computation we need here which is not 
covered by |Mik05j is done in Lemma 16.161 □ 

Now Theorem 15.131 follows immediately from Propositions 16.121 16.15| and 16.171 
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6.3. The proof of Theorem 14.41 The proof of Theorem 14.41 follows exactly the 
same strategy as the proof of Theorem 15.131 we reformulate the definition of the 
numbers Af{u, n,, d, a) in terms of enumeration of curves in some toric surface having 
prescribed intersections with the toric divisors; then we prove a Correspondence 
Theorem for this latter enumerative problem by applying the methods from jMik05| 
and |Shul2| . As in the proof of Theorem 15.131 we first "lift" our enumerative 
problem to three-space and then project it back to the plane using the different 
projection tTx- In this way, we can make use of known techniques. 

We fix a coordinate system (x, y) on (C*)^ such that (z, i) is a standard coordinate 
system on Let 5*0 be the curve of bidegree (1, 1) in I]„ with equation .T + y = 0, 
and let Fq be the curve with equation x = oo. We define 

i': {£*f\{x + y = Q] {£*f 

{x, y) I — > {x, y, -x-y) 

The next lemma is a straightforward computation. 
Lemma 6.18 

Let C be an algebraic curve in Y,n of bidegree (a, 0), and let D be a branch of C 
such that (DoS'o)po = d + Oi{n+l) and {DoFo)jjg — a. If C denotes the restriction 
of C to the torus orbit corresponding to the coordinate system (x, y) fixed above, 
then the element of the Newton fan of t'(C" \ {x + y = 0}) corresponding to D is 
(a, a, a — d). 

Let 5 be the Newton fan 

5 = {(1, {^n, IT, (ai,«i - di), . . . , {as, a, - 4), 

(0,~4+i),...,(0,-4+,)}. 

We denote by C the closure in Tor(n5) of the line in (C*)^ with equation 2/ + z = 0, 
and by £ the toric divisor of Tor(n5) corresponding to elements (1, 1) of 5. Given 
an algebraic curve C in (C*)^, we denote by C its closure in Tor(n5). 

Using the projection 5x and the techniques from Lemma |6. 141 and Lemma l6.18[ we 
obtain the following corollary. 

Corollary 6.19 

The number Af{u,n,d, a) is equal to the number of algebraic curves C in (C*)^ with 
Newton fan S and such that 

• C has u connected components, whose normalization are all rational; 

• for each element {ai,ai — di) or (0,—di) of S, the intersection of C with 
the corresponding toric divisor is fixed; 

• C has an ordinary multiple point of multiplicity un ~ "^cti at the point 

ens. 

Now the proof of Theorem 15 . 131 extends literally to Theorem 231 using refinements 
of |Mik05j from |Shul2| to enumerate curves with prescribed intersections with toric 
divisors. 
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7. Concluding remarks 

Wc discuss some of the possible extensions of results and methods presented in this 
paper. 

(1) Although Theorem 15 . 131 assumes that configurations w are contained in the 
two faces CTi and (72 j Theorem 12.91 is obtained just by considering configu- 
rations u) contained in cti. It should be possible to generalize Theorem 12.91 
for any configuration w C cti U CT2 • This would also require to enlarge the 
family of (1, l)-relative invariants considered here. 

(2) It would also be interesting to relate enumerative invariants of E„ and 
S„+2fc when k >2. According to Appendix [Aj one possible way would be 
to study enumerative geometry of the tropical surface Xk in given by the 
polynomial "x'^ + y + In this case the assumption we made throughout 
Sectional i.e. that d = #Ai for some i, fails. In particular the study of 
enumerative geometry of requires more care for k > 2. 

(3) Related to the previous remark is the question of determining the multi- 
plicity of a tropical morphism to X. In general, the multiplicity of a vertex 
tropically mapped to the line L should be expressed in terms of triple Hur- 
witz numbers weighted by some binomials coefficients. Although all those 
numbers are in principle computable, no nice general formula is known yet. 
In the particular case treated in this paper, the corresponding Hurwitz 
numbers are very simple: it is the number of rational maps <CP^ — >■ CP^ of 
degree d with a prescribed pole and zero of maximal order. In particular 
we could perform easily all computations keeping hidden the Hurwitz num- 
bers aspect. However for more general enumerative problems in X , these 
Hurwitz numbers will show up naturally. 

(4) More generally, the study of enumerative geometry of general tropical sur- 
faces, or even tropical varieties of any dimension, is of great interest. So 
far, little is known about this problem. In this case all Hurwitz numbers 
will come into the game, not only the triple ones mentioned above. A 
generalization of Proposition 16 . 1 5] in nice cases should be a consequence of 
general results about the realization of regular phase-tropical curves in the 
forthcoming paper |Mik| . 

Appendix A. Hirzebruch surfaces and their deformations 

In this appendix we translate to the tropical setting Kodaira deformation of Hirze- 
bruch surfaces. We include it since it provides a justification for the strategy of the 
proof of Theorem l2.91 however the present paper is formally independent from this 
appendix. As a consequence, we only sketch the following proofs, and we assume 
that the reader is well acquainted with tropical geometry. 

We first recall Kodaira deformation of Hirzebruch surfaces before turning to tropical 
deformations. 

A.l. Kodaira deformation of Hirzebruch surfaces and deformation to the 
normal cone. As explained in Section 12.11 two Hirzebruch surfaces E„ and E„' 
are not biholomorphic if n ^ n' . However, if n and n' have the same parity, one 
can deform one of the two surfaces to the other one. 
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Theorem A.l (Kodaira, see |Kod86j ) 

Let n,k > be two integer numbers. There exists a complex manifold Xn,k of 
dimension 3 equipped with a submersion (pn.k '■ ^n.fc C such that 

V< 7^ 0' d(^) = ^ru and 0-1,. (0) = S„+2fe. 

Note that this imphes that I]„ and S„+2fc firo diffeomorphic. We wih prove Theorem 
lA.ll in Section lA. 21 in the tropical language. However, our proof translates literally 
to the complex setting. 

Kodaira deformation of Hirzebruch surfaces can actually be reduced to a standard 
procedure in both complex (deformation to the normal cone, see |Ful84| ) and sym- 
plectic (symplectic sum, see jLer95| and [lP04] . stretching the neck, see |EGHOO| ) 
geometries. 

Proposition A. 2 (see |Ful84| ) 

Let S be a nonsingular complex surface, let C be a nonsingular algebraic curve in 
S, and let A^ ^ be the blow-up of the curve C x {0} in the complex 3-fold S x C 
Then the exceptional divisor of X'g ^ is isomorphic to P(7\/'c/s ® C), where Afc/s 
is the normal bundle of C in S. 

The first Chern class of Nc/s is the self-intersection of C in S. In particular, if C 
is rational of self-intersection to, then P(Ac/s ® C) = S|,„|. 

We denote by (p'^^g : X'g ^ — C the obvious (holomorphic) projection on the C 
factor. Then Proposition lA. 21 implies that (/>(5 is a submersion over C*, that 

Vi^O, <j,'^,}c^{t) = 

and that '/>(5p-)(0) is the union of S and P(A/c/s © C) intersecting transversely 
along C. 

Suppose now that S ~ E„ and C is a smooth rational curve of bidegree (1, fc). Since 
C has self- intersection n + 2fc in S„, we get from Proposition lA. 21 that 

In this case, it turns out that the two complex 3-folds, A„ from Theorem I A. II and 
X!^ fe from Proposition lA. 21 are related by a blow-up: one can contract the copy 
of Sri hi (j)^ c)(^) obtain A„_fc. 

Proposition A. 3 

The complex manifold X^^ q is the blow-up bl of Xn^k along the exceptional curve 
En+2 o/I]„+2fc, and 

'/'(S„,C) = ^n,k O bl. 

We prove the tropical analogue of Proposition 1X31 in Section lA. 21 Once again, our 
tropical proof translates literally to the complex setting. 

A. 2. Tropical Hirzebruch surfaces. The construction of any non-singular toric 
variety can be performed exactly in the same way in tropical and algebraic geometry. 
In particular, the tropical Hirzebruch surface of degree n > 0, denoted by TSn is 
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constructed by taking two copies of T x TP-^ glued along T* x TP-^ via the tropical 
isomorphism 

tp : T* X TP^ — > T* X 

As in the complex setting, TSq = TP^ x TP\ and TSi is TP'^ blown up at 
[—00 : : —00]. 

The map ip sends the vector {l,n) to the vector (—1,0). For this reason, the tropical 
surface TS„ is usually represented by a quadrangle with two horizontal edges, one 
vertical edge, and one edge of slope — i, see Figure [T7k. More generally, once a 
linear system is fixed, the tropical moment map provides an homcomorphism from 
any non-singular toric tropical variety to any Newton polygon corresponding to 
the linear system. This homcomorphism is also given by the Veronese embedding 
corresponding to the chosen linear system. 




a) TS„ b) A curve of bidegree c) A curve of bidegree 

(l,l)inTEo (l,2)inTI]i 

Figure 17. Tropical toric surfaces and embedded curves. 

Let us denote by i?„ the tropical curve in TI]„ defined by the tropical polynomial 
"j/i" , and by P„ the curve defined by the polynomial "xi" (in the coordinate system 
defined above on TI]„). That is to say, the curve Bn is the lowest horizontal edge, 
and Fn is the left vertical edge. Note that = n and F^^ = 0. The tropical Picard 
group of TS„ is the free abelian group of rank two generated by Bn and P„, and a 
tropical 1-cycle C in TS„ is said to have bidegree (a, b) if it is linearly equivalent 
to aBn + bFn. Equivalently, C is of bidegree (a, b) if and only if C o _B„ = an + b 
and C o Fn = a. 

Example A. 4 

We depicted in Figure [T7b a tropical curve of bidegree (1,1) in TSq, and a tropical 
curve of bidegree (1, 2) in TSi in Figure flTh. 

The exceptional divisor En of TS]„ is the upper horizontal edge, defined by the 
rational function , and represents the class Bn—nFn in Pic(TE„). In particular, 

one has E"^ = ~n. 

A. 3. Deformation of tropical Hirzebruch surfaces. Let C be a non-singular 
tropical curve in TI]„ of bidegree (1, k). By the genus formula C is rational. More- 
over we have C'^ = n + 2k. 

We start by describing the deformation of TI]„ to the normal cone of C. Recall 
that the sign "=" between two tropical varieties means "isomorphic up to tropical 
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modifications" (see jMik06| ). Note that we have to introduce tropical modifications 
at this point since Kodaira deformation of Hirzebruch surfaces in non-toric. Indeed 
the exceptional divisor is a toric divisor, so any Hirzebruch surface is torically rigid. 

Theorem A. 5 

There exists a non-singular tropical variety TX' of dimension 3 and a tropical 
morphism $' : TX' -> TP^ such that 

Vt 7^ -cx), -S'^^t) = TI]„, and <I>'-i(-cx)) = TE„ U TE„+2fc- 
Moreover, the intersection curve of the two latter surfaces is C in TE„, and the 
exceptional section En+2k in 'T'S„+2fc- 

Proof: 

Let n' be the polytope in M.^ with vertices (see Figure fT8|) 

(0,0,0), (2n + 2fc,0,0), (2fc,2,0), (0,2,0), (0,0,1), (n + fc,0,l), (l,fc,l), (0,1,1). 

The polytope 11' defines a non-singular tropical toric variety Tor(n') of dimension 
3. If {x,y,z) are the coordinates in the dense M'^-orbit of Tor(n'), then the map 
(x, y, z) — >■ (x, y) induces a tropical morphism tt : Tor(n') — > TSn whose fibers are 




2n+2k 



Figure 18. The polytope 11'. 

We fix a tropical polynomial p{x,y) defining the curve C in TE„, and we define 
TX' as the hypersurface in TP^ x Tor(n') defined by the tropical polynomial 

"tz+p{x,yy' 

where t is the coordinate in TP^. 

The tropical variety TX' is non-singular, and there is a natural tropical morphism 
<&' : TX' TP^ whose fiber over to is the tropical hypersurface in Tor(n') defined 
by the tropical polynomial "tg^ +p(a;,?/)" (see Figure \T%t in the case n = and 
k — 1). If to ^ —oo, then $'~^(to) is nonsingular, and the morphisms 7r|$/-i(tg) : 
^'^^{to) ^ irS,i is a tropical modification of TS„ along C. In particular $'~^(io) = 
TI]„. The hypersurface <I''~^(— oo) is the union of the tropical surface 5*0 defined by 
p{x,y) with the surface in Tor(n') defined by the rational function "i" (i.e. the 
upper horizontal face of Tor(n')), see Figure [T^. The surfaces Sq and Si intersect 
along a tropical curve E. 

It is clear from 11' that Si ~ TI]„, so it remains to prove that 5*0 ~ T'En+2k- First, 
the morphisms tt restricts to a tropical morphism So C whose fibers are TP^. 
It follows from elementary tropical intersection theory that = n + 2k ^ —E"^ in 
So- For example, by adding a vertical edge to each tropical intersection points of 
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a) $'~i(to) with to 7^ -cx) h) ^'-^{-oo) 

Figure 19. The deformation process. 

C in TS„, we see that the self- intersection of C in TS„ and Sq are the same, i.e. 
Sq = TE„_|_2fc (sec Figure !^ . Note that for the same reasons, we have E"^ = —n—2k 
in 5o. □ 




Figure 20. Self intersection of C and E in Sq. 



Example A. 6 

We depict in Figure \W\ this degeneration process when n = 0, k = 1, and C is the 
tropical curve depicted in Figure [T7b . 

In the next lemma, we use notation introduced in the proof of Theorem IA.5I 
Lemma A. 7 

One can blow down Si to E in TX' , i.e. there exists a non-singular tropical variety 
TX of dimension 3 and a tropical blow down bl : TX' — > TX which contracts the 
surface Si to a curve isomorphic (up to tropical modifications) to E. 

Proof: 

This is an immediate consequence of the fact that one can blow down the surface 
Si in Tor(n'). Indeed, let 11 be the polytope with vertices (see Figure [2Tk) 

(0,0,0), (2n + 2/c+ 1,0,0), (2/c + l,2,0), (0,2,0), (0,0,1), (1,0,1). 

The tropical 3-fold Tor(n) is non-singular, and the existence of the desired blow-up 
Tor(n') -> Tor(n) can be observed directly at the polytopes 11 and 11' (see Figure 
ISUd). □ 

As an immediate corollary, we obtain the tropical version of Kodaira deformation 
of Hirzebruch surfaces. 
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a) n b) Toric blow up of the curve D 

Figure 21. The blow up Tor(n') Tor(n). 

Corollary A. 8 

There exists a non-singular tropical variety TX of dimension 3 and a tropical mor- 
phism $ : ^ TP^ such that 

Vt ^ -oo, ^^'^(t) = TI]„, and $"^(-00) = TE„+2fc. 

Proof: 

Take TX as in Lemma gJl and $ : TX ^ TP^ such that $' = $ o bl. □ 
Example A. 9 

We depict in Figure [H] this deformation when n = 0, k = 1, and C is the tropical 
curve depicted in Figure [T7b . 




a) $-i(+oo) b) (to) with to 7^ ±00 




$-i(-oo) 



Figure 22. Tropical Kodaira deformation. 

Remark A. 10 

This section explains why we prove Theorem 12.91 bv enumerating tropical curves in 
X. This latter surface (after the change of coordinates (cc, y, z) ^ (x, —y, z)) is the 
part contained in the M'^-orbit of Tor (11') of the degeneration process described in 
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the proof of Theorem I A. 5 1 where C is the tropical curve of bidegree (1, 1) in TI]„ 
defined by the tropical polynomial "1 + .xy" . Since X is the open part of a tropical 
modification of TE„, counting carefully tropical curves in X or TE„ should give 
the same numbers. 

On the other hand, we choose the configuration uj inside the face cti of X which 
degenerates to TS]„4_2, replacing the condition t — oo by the condition that points 
in UJ have very low z- coordinates. In particular it is natural that the parts in cti far 
from L of the tropical curves we are counting look like curves in TS]„_|_2- 
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